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� #BTJD %FGOJUJPO
%FࡁOJUJPO ���� " DIBJO DPNQMFY JO BO BCFMJBO DBUFHPSZ A JT B TFRVFODF PG PCKFDUT BOE
NPSQIJTNT JO A 	DBMMFE EJװFSFOUJBMT


(C•, d•) =→ An+1
dn+1−→ An

dn−→ An−1 →,

TVDI UIBU dndn+1 = 0 GPS BMM n ∈ Z�

%FࡁOJUJPO ���� " DIBJO NBQ f = f• : (C•, d•) → (C ′
•, d

′
•) JT B TFRVFODF PG fn : Cn → C ′

n

GPS BMM n ∈ Z NBLJOH UIF GPMMPXJOH EJBHSBN DPNNVUF
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3FNBSL ���� 	J
 *G XF HJWF UXP DIBJO NBQT f• : (C•, d•) → (C ′
•, d

′
•) BOE g• : (C ′

•, d
′
•) →

(C ′′
• , d

′′
•) BOE UIFJS DPNQPTJUF JT EF׳OFE CZ (gf)n = gnfn�

	JJ
 5IF DBUFHPSZ PG BMM DPNQMFY JO A EFOPUFE CZ $PNQ(A) JT BO BCFMJBO DBUFHPSZ�
	JJJ
 8F EF׳OF B OPUBUJPO → Cm+1

•
fm+1−→ Cm

•
fm−→ Cm−1

• → JT B MBSHF EJBHSBN BT
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&YBNQMF ���� 	J
 "MM FYBDU TFRVFODF JT B DPNQMFY CZ BEEJOH UIF [FSPT JO JUT IFBE BOE UBJM�
	JJ
 4JOHVMBS DPNQMFY� $POTJEFS UIF TUBOEBSE TJNQMFY ∆q = {

∑q
j=0 cjej : cj ≥

0,
∑q

j=0 cj = 1} BOE B UPQPMPHJDBM TQBDF X� $POTJEFS B DPOUJOVPVT NBQ σq : ∆q → X BOE
UIJT DBMMFE B TJOHVMBS TJNQMFY JO X� /PX XF MFU ∂q(σq) =

∑q
j=0(−1)jσq|[e0, ..., êi, ..., en]�

5IFO BMM UIFTF σq GPSNFE B CBTJT BOE HFOFSBUF B GSFF BCFMJBO HSPVQ Sq(X) BOE ∂q∂q+1 = 0�
	JJJ
 $PNQMFY → 0 → A → 0 → DBMMFE B DPODFOUSBUFE JO EFHSFF k XIFSF kUI UFSN JT

A�
	JW
 -FU U CF BO PQFO TFU PG Rn UIFO XF IBWF

0 Ω0(U) Ω1(U) · · · Ωk(U) Ωk+1(U) · · ·d d d d d

XIFSF Ωk(U) JT B TFU PG BMM k�GPSNT ω PO U XIFSF ω : U →
⋃

p∈U Ak(TpRn) XJUI p %→ ωp�
-FU ω =

∑
I aIdx

I ∈ Ωk(U) UIFO dω =
∑

I daIdx
I ∈ Ωk(U) =

∑
I

(∑
j

∂aI

∂xj dxj
)
∧ dxI ∈

Ωk+1(U)�

	W
 $POTJEFS ∂n : a %→ Aa XIFSF A =




0 1

0



 BOE a ∈ R2� -FU Cn = R2 XJUI ∂n

GPSNFE B DPNQMFY TJODF ∂n∂n+1 = 0�

3FTPMVUJPOT
%FࡁOJUJPO ���� " QSPKFDUJWF SFTPMVUJPO PG A ∈ 0C(A) XIFSF A JT BO BCFMJBO
DBUFHPSZ JT BO FYBDU TFRVFODF P :→ P2

d2−→ P1
d1−→ P0

ε−→ A → 0 JO XIJDI FBDI Pn JT
QSPKFDUJWF�

-FU P JT B QSPKFDUJWF SFTPMVUJPO PG A UIFO JUT EFMFUFE QSPKFDUJWF SFTPMVUJPO JT
UIF DPNQMFY PA :→ P2

d2−→ P1
d1−→ P0 → 0� 5IJT OFFE OPU CF FYBDU�

�
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3FNBSL ���� 	J
 %FMFUJOH A MPTFT OP JOGPSNBUJPO TJODF XF IBWF

A = *Nε ∼= P0/ LFS ε = P0/*Nd1 = DPLFSd1;

	JJ
 *O R.PE PS .PER XF DBO EF׳OF GSFF SFTPMVUJPO BOE BUײ SFTPMVUJPO�
%FࡁOJUJPO ���� " JOKFDUJWF SFTPMVUJPO PG A ∈ 0C(A) XIFSF A JT BO BCFMJBO DBUF�
HPSZ JT BO FYBDU TFRVFODF E : 0 → A

η−→ E0 d0

−→ E1 d1

−→ E2 → JO XIJDI FBDI En JT
JOKFDUJWF�

-FU E JT B JOKFDUJWF SFTPMVUJPO PG A UIFO JUT EFMFUFE JOKFDUJWF SFTPMVUJPO JT UIF
DPNQMFY EA : 0 → E0 d0

−→ E1 d1

−→ E2 →� 5IJT OFFE OPU CF FYBDU�
3FNBSL ���� %FMFUJOH A MPTFT OP JOGPSNBUJPO TJODF A ∼= LFS d0�
3FNBSL ���� *O QSPKFDUJWF SFTPMVUJPO P :→ P2

d2−→ P1
d1−→ P0

ε−→ A → 0 XF EF׳OF
K0 = LFS ε BOE Kn = LFS dn, n ≥ 1� 5IFO XF DBMM Kn UIF nUI TZ[ZHZ PG P �

*O JOKFDUJWF SFTPMVUJPO E : 0 → A
η−→ E0 d0

−→ E1 d1

−→ E2 → XF EF׳OF V0 = DPLFSη
BOE Vn = DPLFSdn−1, n ≥ 1� 5IFO XF DBMM Vn UIF nUI DPTZ[ZHZ PG E�
1SPQPTJUJPO ���� &WFSZ A CF B R�NPEVMF IBT B GSFF SFTPMVUJPO 	IFODF QSPKFDUJWF 
BU״�
1SPPG� 4JODF A = (X|Y ) BOE XF DBO OEࢸ B GSFF NPEVMF F0 XJUI B CBTJT X TVDI UIBU
XF IBWF BO FYBDU TFRVFODF 0 → K1

i1−→ F0
ε−→ A → 0� 5IFO XF DPOTJEFS K1 BOE OEࢸ

B GSFF NPEVMF F1 XF IBWF BO FYBDU TFRVFODF 0 → K2
i2−→ F1

ε′−→ K1 → 0� 5IFO XF
DPOTJEFS

F1 F0 A 0

0 K2 K1

d1

ε1

ε

i1

XIFSF *Nd1 = K1 = LFS ε BOE LFS d1 = K2�

1SPQPTJUJPO ���� &WFSZ A CF B R�NPEVMF IBT B JOKFDUJWF SFTPMVUJPO�
1SPPG� &WFSZ NPEVMF DBO CF JNOFEFE BT B TVCNPEVMF PG BOE JOKFDUJWF NPEVMF E0 UIFO
XF IBWF 0 → A

η
↪→ E0 π−→ V 0 → 0 XIFSF V 0 = DPLFSη BOE π JT OBUVSBM NBQ� 5IFO XF

IBWF V
η′

↪→ E1� 5IFO XF DPOTJEFS

0 A E0 E1

V 0 V 1 0

η d0=η1π

π η1

�
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BOE XFMM EPOF�

3FNBSL ���� *O BO BCFMJBO DBUFHPSZ A JG JU JT FOPVHI QSPKFDUJWF JU IBT QSPKFDUJWF
SFTPMVUJPO� *G JU JT FOPVHI JOKFDUJWF JU IBT JOKFDUJWF SFTPMVUJPO� 5IF QSPPG PG UIFTF BSF
USJWJBM�

%FࡁOJUJPO ���� " DPNQMFY C JT B QPTJUJWF DPNQMFY JG Cn = 0 GPS BMM n < 0�
" DPNQMFY C JT B OFHBUJWF DPNQMFY JG Cn = 0 GPS BMM n > 0�

� #BTJD )PNPMPHZ
%FࡁOJUJPO ���� -FU A CF BO BCFMJBO DBUFHPSZ MFU (C, d) JT B DPNQMFY JO $PNQ(A) BT
CFMPX�

Cn+1 Cn Cn−1
dn+1 dn

8F EF׳OF Cn JT n�DIBJOT Zn(C) = LFS dn JT n�DZDMFT BOE Bn(C) = *Ndn+1 JT n�
CPVOEBSJFT� 5IFO nUI IPNPMPHZ JT Hn(C) = Zn(C)/Bn(C)�

3FNBSL ���� *O BCFMJBO DBUFHPSZ UIF RVPUJFOU JT BO FRVJWBMFODF DMBTT [(f, C)] XIFSF f :

B → C JT BO FQJD BOE (f, C) ∼ (f ′, C ′) JG BOE POMZ JG UIFSF FYJTUT BO JTPNPSQIJTN g : C → C ′

NBLF UIF EJBHSBN CFMPX DPNNVUF�

B C

C ′

f

f ′
g∼=

#VU OPX XF DBO TFF A BT B GVMM TVCDBUFHPSZ PG "C UIFO Hn(C) = {z + Bn(C)} BOE UIF
FMFNFOUT PG JU DBMMFE IPNPMPHZ DMBTT XIJDI EFOPUFE CZ cls(z)�

1SPQPTJUJPO ���� -FU A CF BO BCFMJBO DBUFHPSZ UIFO Hn : $PNQ(A) → A JT BO BEEJUJWF
GVODUPS GPS BMM n ∈ Z�

1SPPG� 8F KVTU OFFE UP QSPWF UIF DBTF XIFO A = "C TJODF UIF .JUDIFMMٌT UIFPSFN� /PX XF
OFFE UP EFࢸOF Hn PO NPSQIJTNT� *G f : (C, d) → (C ′, d′) UIFO Hn(f) : Hn(C) → Hn(C ′)

CZ cls(zn) %→ cls(fnzn)� 5IFSF BSF UISFF TUFQT JO UIJT QSPQFSUZ�
! 4UFQ �� 4IPX UIBU Hn(f) JT XFMM EFࡁOFE� *U TVࢺDF UP TIPX UIBU fnzn JT B DZDMF

�

题



BOE Hn(f) JT JOEFQFOEFOU PG UIF DIPJDF PG DZDMF zn� 8F IBWF UIF GPMMPXJOH EJBHSBN�

Cn+1 Cn Cn−1

C ′
n+1 C ′

n C ′
n−1

dn+1

fn+1

dn

fn fn−1

d′
n+1 d′

n

-FU z ∈ Zn(C) UIFO dnz = 0� 5IFO d′nfnz = fn−1dnz = 0 BOE fnzn JT B n�DZDMF� /FYU
JG z + Bn(C) = y + Bn(C) UIFO z − y ∈ Bn(C)� 5IFO z − y = dn+1c GPS TPNF c ∈ Cn+1�
5IFO fnz − fny = fndn+1c = d′n+1fn+1c ∈ Bn(C ′)� )FODF cls(fnz) = cls(fny) XFMM EPOF�
! 4UFQ �� 4IPX UIBU Hn JT B GVODUPS� Hn(1C) = 1� .PSFPWFS MFU f, g BSF DIBJO

NBQT BOE gf JT XFMM EFࢸOFE� 5IFO

Hn(gf) : cls(z) %→ cls((gf)nz) = cls(gnfnz) = Hn(g)(cls(fnz)) = Hn(g)Hn(f)(cls(z)).

! 4UFQ �� 4IPX UIBU Hn(f) JT BEEJUJWF� -FU f, g BSF DIBJO NBQT UIFO

Hn(f + g) : cls(z) %→ cls(fnz + gnz) = cls(fnz) + cls(gnz) = (Hn(f) +Hn(g))cls(z).

8FMM EPOF�

5IFPSFN ��� 	-POH &YBDU 4FRVFODF
� -FU A CF BO BCFMJBO DBUFHPSZ� *G 0 → C ′ i−→ C
p−→

C ′′ → 0 JT BO FYBDU TFRVFODF UIFO UIFSF JT BO FYBDU TFRVFODF

Hn+1(C) Hn+1(C ′′)

Hn(C ′) Hn(C) Hn(C ′′)

Hn−1(C ′) Hn−1(C)

∂n+1

i∗ p∗

∂n

#FGPSF XF QSPWF UIJT JNQPSUBOU UIFPSFN XF XJMM EJTDVTT UIF EFࢸOJUJPO BOE QSPQFSUJFT
PG ∂n BOE DIFDL XIFUIFS JU JT XFMM EFࢸOFE� ∂n JT DBMMFE DPOOFDUJOH IPNPNPSQIJTN�

1SPQPTJUJPO ���� -FU A CF BO BCFMJBO DBUFHPSZ� *G 0 → C ′ i−→ C
p−→ C ′′ → 0 JT BO FYBDU

TFRVFODF UIFO GPS FBDI n ∈ Z UIFSF JT B NPSQIJTN JO A ∂n : Hn(C ′′) → Hn−1(C ′) CZ
cls(z′′n) %→ cls(i−1

n−1dnp
−1
n z′′n)�

�

I



1SPPG� 8F OPX MPPL BU UIF EJBHSBN CFMPX�

0 C ′
n+1 Cn+1 C ′′

n+1 0

0 C ′
n Cn C ′′

n 0

0 C ′
n−1 Cn−1 C ′′

n−1 0

in+1

d′
n+1

pn+1

dn+1 d′′
n+1

in

d′
n

pn

dn d′′
n

in−1 pn−1

! 8F DMBJN UIBU i′n−1dnp
−1
n NBLF TFOTF� -FU z′′ ∈ C ′′

n BOE d′′nz
′′ = 0� 4JODF

pn JT TVSKFDUJWF UIFSF JT c ∈ Cn XF DBMMFE JU MJGUJOH XJUI pnc = z′′� -FU dnc ∈ Cn−1�
5IFO pn−1dnc = d′′npnc = d′′nz

′′ = 0 TP UIBU dnc ∈ LFS pn−1 = *Nin−1� 5IFSF JT B VOJRVF
c′ ∈ C ′

n−1 XJUI in−1c′ = dnc GPS in−1 JT BO JOKFDUJPO� 5IVT c′ = i′n−1dnp
−1
n z′′� "OE

∂n(cls(z′′)) = cls(c′)�
! *OEFQFOEFODF PG UIF DIPJDF PG MJGUJOH� *G pnč = z′′ XIFSF č ∈ Cn� 5IFO c− č ∈

LFS pn = *Nin TP UIFSF JT u′ ∈ C ′
n XJUI inu′ = c− č� 5IVT in−1d′nu

′ = dninu′ = dnc− dnč�
)FODF i−1

n−1dnc− i−1
n−1dnč = d′u′ ∈ B′

n−1 UIBU JT cls(i−1
n−1dnc) = cls(i−1

n−1dnč)� 4P UIJT QBSU
HJWFT B XFMM EFࢸOFE NBQ Z ′′

n → C ′
n−1/B

′
n−1 CZ z′′ %→ cls(i−1

n−1dnp
−1
n z′′)�

! .BQ Z ′′
n → C ′

n−1/B
′
n−1 JT B IPNPNPSQIJTN� -FU z′′, z′′1 ∈ Z ′′

n XJUI pnc =

z′′, pnc1 = z′′1 � 4JODF UIF NBQ JT JOEFQFOEFOU PG UIF DIPJDF PG MJGUJOH XF DBO DIPPTF c + c1
BT B MJGUJOH PG z′′ + z′′1 �
! &MFNFOU i−1

n−1dnp
−1
n z′′ JT B DZDMF� -FU in−1c′ = dnc UIFO 0 = dn−1dnc =

dn−1in−1c′ = in−2d′n−1c
′ PT d′n−1c

′ = 0 TJODF in−2 JT JOKFDUJWF� 4P c′ JT B DZDMF� 5IFO
XF IBWF IPNPNPSQIJTN Z ′′

n → Z ′
n−1/B

′
n−1 = Hn−1(C ′) CZ z′′ %→ cls(i−1

n−1dnp
−1
n z′′)�

! 4VCHSPVQ B′′
n HPFT JOUP B′

n−1� -FU z′′ = d′′n+1c
′′ XIFSF c′′ ∈ C ′′

n+1� -FU pn+1u = c′′
UIFO pndn+1u = d′′n+1pn+1u = d′′n+1c

′′ = z′′� 8F DIPPTF dn+1u XJUI pndn+1u = z′′ TP
∂n(cls(z′′)) = cls(i−1

n−1dnp
−1
n pndn+1u) = cls(0)� 5IFO XFMM EPOF�

1SPPG PG 5IFPSFN ���� 5IF TFRVFODF 0 → C ′ i−→ C
p−→ C ′′ → 0 JT FYBDU XF OPX DPOTJEFS

�

needless to say



UIF GPMMPXJOH EJBHSBN�

Hn+1(C) Hn+1(C ′′)

Hn(C ′) Hn(C) Hn(C ′′)

Hn−1(C ′) Hn−1(C)

∂n+1

i∗ p∗

∂n

8F OFFE UP WFSJGZ TJY JODMVTJPOT BT GPMMPXT�
! *Ni∗ ⊂ LFSp∗� 5IJT JT CFDBVTF p∗i∗ = (pi)∗ = 0∗ = 0�
! LFSp∗ ⊂ *Ni∗� -FU p∗cls(zn) = cls(pnzn) = cls(0) UIFO pnzn = d′′n+1c

′′
n+1 XIFSF

c′′n+1 ∈ C ′′
n+1� 5IFO UIFSF JT c′′n+1 = pn+1cn+1 XIFSF cn+1 ∈ Cn+1 TJODF pn+1 JT TVSKFDUJWF�

/PX XF IBWF pnzn = d′′n+1pn+1cn+1 = pndn+1cn+1 UIFO pn(zn − dn+1cn+1) = 0� 5IFO
UIFSF JT c′n ∈ C ′

n XJUI inc′n = zn − dn+1cn+1� 4JODF zn JT B DZDMF in−1 JT JOKFDUJWF BOE
in−1d′nc

′
n = dninc′n = dnzn − dndn+1cn+1 = 0 UIFO d′nc

′
n = 0 BOE c′n JT B DZDMF� )FODF

i∗cls(c′n) = cls(inc′n) = cls(zn − dn+1cn+1) = cls(zn)�
! *Np∗ ⊂ LFS (∂n)� -FU p∗cls(zn) = cls(pnzn) ∈ *Np∗ UIFO ∂ncls(pnzn) = cls(i−1

n−1dnp
−1
n pnzn)�

8F DBO MFU p−1
n pnzn = zn BOE i−1

n−1dnp
−1
n pnzn = 0�

! LFS (∂n) ⊂ *Np∗� -FU ∂ncls(z′′n) = cls(0) UIFO UIFSF FYJTUT z′n−1 = i−1
n−1dnp

−1
n z′′n ∈

B′
n−1 UIBU JT z′n−1 = d′nc

′
n GPS c′n ∈ C ′

n� #VU in−1z′n−1 = in−1d′nc
′
n = dninc′n BOE in−1z′n−1 =

dnp−1
n z′′n TP dn(p−1

n z′′n − inc′n) = 0 BOE p−1
n z′′n − inc′n JT B DZDMF� 5IFO XF IBWF p∗cls(p−1

n z′′n −
inc′n) = cls(pnp−1

n z′′n − pninc′n) = cls(z′′n)�
! *N∂n+1 ⊂ LFS i∗� 4JODF inz′n = dn+1p

−1
n+1z

′′
n+1 ∈ Bn−1 UIFO XF IBWF i∗∂n+1cls(z′′n+1) =

cls(inz′n) = 0�
! LFS i∗ ⊂ *N∂n+1� -FU i∗cls(z′n) = cls(inz′n) = cls(0) UIFO inz′n = dn+1cn+1 GPS

TPNF cn+1 ∈ Cn+1� 5IFO d′′n+1pn+1cn+1 = pndn+1cn+1 = pninz′n = 0� 4P pn+1cn+1 JT B DZDMF�
5IFO ∂n+1cls(pn+1cn+1) = cls(i−1

n dn+1p
−1
n+1pn+1cn+1) = cls(i−1

n dn+1cn+1) = cls(i−1
n inz′n) =

cls(z′n)�

$PSPMMBSZ ��� 	4OBLF -FNNB
� -FU A CF BO BCFMJBO DBUFHPSZ� 8F IBWF UIF GPMMPXJOH
EJBHSBN�

0 M ′ M M ′′ 0

0 N ′ N N ′′ 0

f ′ f f ′′

5IFO XF IBWF 0 → LFS f ′ → LFS f → LFS f ′′ → DPLFSf ′ → DPLFSf → DPLFSf ′′ → 0�

�
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1SPPG� 5IJT JT USJWJBM� 8IZ TOBLF -PPL BU UIF EJBHSBN CFMPX�

0 LFS f ′ LFS f LFS f ′′

0 M ′ M M ′′ 0

0 N ′ N N ′′ 0

DPLFSf ′ DPLFSf DPLFSf ′′ 0

g0

i′

h0

i i′′

g1

f ′

h1

f f ′′

g2

j′

h2

j j′′

g3 h3

5IJT JT B TOBLF�

3FNBSL ���� &YDFQU UIJT XF IBWF UIF SFBM TOBLF MFNNBDPOTJEFS UIF DPNNVUBUJWF EJBHSBN
XJUI FYBDU SPXT�

A B C 0

0 A′ B′ C ′

α

p

β γ

i

5IFO BGUFS EF׳OF ∆ : LFS γ → DPLFSα CZ z %→ i−1βp−1z+*Nα XIJDI JT XFMM EF׳OFE XF IBWF
LFSα → LFSβ → LFS γ ∆−→ DPLFSα i′−→ DPLFSβ → DPLFSγ XIFSF i′ : a′ + *Nα %→ ia′ + *Nβ�

5IFPSFN ��� 	/BUVSBMJUZ PG ∂
� -FU A CF BO BCFMJBO DBUFHPSZ� (JWFO B EJBHSBN XJUI FYBDU
SPXT�

0 $′ $ $′′ 0

0 "′ " "′′ 0

i

f

p

g h

j q

5IFO XF IBWF UIF GPMMPXJOH EJBHSBN XJUI FYBDU SPXT�

Hn($′) Hn($) Hn($′′) Hn−1($′)

Hn("′) Hn(") Hn("′′) Hn−1("′)

i∗

f∗

p∗

g∗

∂

h∗ f∗

j∗ q∗ ∂′

1SPPG� 5SJWJBM CZ EJBHSBN DIBTF�

&YBNQMF ���� 8F LOPX UIBU JG F JT BU״ UIFO 5PSRn (F,M) = {0} GPS BMM n ≥ 1 BOE
M ∈ R.PE� $POWFSTFMZ JG 5PSR1 (F,M) = {0} GPS BMM M ∈ R.PE UIFO F JT �BU״
/PX XF DPOTJEFS B QSPQPTJUJPO� JG 0 → A → B → C → 0 JT BO FYBDU TFRVFODF
PG NPEVMFT BOE C JT BUײ UIFO A JT BUײ Jװ B JT �BUײ /PX GPS BOZ NPEVMF X

�



XF IBWF 5PSR2 (C,X) → 5PSR1 (A,X) → 5PSR1 (B,X) → 5PSR1 (C,X) TJODF 5PSR2 (C,X) =

5PSR1 (C,X) = 0 UIFO 5PSR1 (A,X) ∼= 5PSR1 (B,X) XFMM EPOF�
)PX UP QSPWF UIF MPOH FYBDU TFRVFODF PG MFGU EFSJWFE GVODUPS 'JSTU CZ )PSTFTIPF

-FNNB XF IBWF 0 → P ′
A′ → P̃A → P ′′

A′′ → 0� 4JODF BEEJUJWF GVODUPS QSFTFSWF TQMJU TIPSU
FYBDU TFRVFODF UIFO XF IBWF FYBDU 0 → TP ′

A′ → T P̃A → TP ′′
A′′ → 0� 5IFO UIFSF B MPOH

FYBDU TFRVFODF� /FYU KVTU OFFE UP DPOTJEFS UIF SFMBUJPO CFUXFFO P̃A BOE PSJHJOBM PA�

&YBNQMF ���� -FU X CF B TQBDF BOE A CF B OPOFNQUZ DMPTFE TVCTQBDF UIBU JT B EFGPSNBUJPO
SFUSBDU PG TPNF OFJHICPSIPPE JO X UIFO XF IBWF

H̃n+1(X) H̃n+1(X/A)

H̃n(A) H̃n(X) H̃n(X/A)

H̃n−1(A) H̃n−1(X)

∂

i∗ j∗

∂

5IFO DPOTJEFS X = Dn BOE A = Sn−1 UIFO Dn/Sn−1 ∼= Sn� 6TF UIJT BOE UIF LOPXMFEHF
JO BMHFCSBJD UPQPMPHZ JOEVDUJWFMZ XF IBWF H̃n(Sn) ∼= Z BOE H̃i(Sn) = 0, i (= n�

%FࡁOJUJPO ���� -FU C,D CF DPNQMFYFT MFU p ∈ Z� " NBQ PG EFHSFF p EFOPUFE CZ
s : C → D JT B TFRVFODF s = (sn) XJUI sn : Cn → Dn+p GPS BMM n�

%FࡁOJUJPO ���� $IBJO NBQT f, g : (C, d) → (C ′, d′) BSF IPNPUPQJD EFOPUFE CZ f ) g
JG GPS BMM n UIFSF JT B NBQ s = (sn) : C → C ′ PG EFHSFF +1 XJUI UIF GPMMPXJOH EJBHSBN BOE
fn − gn = d′n+1sn + sn−1dn�

Cn Cn−1

C ′
n+1 C ′

n

dn

sn gnfn
sn−1

d′
n+1

*G f ) 0 XF DBMMFE f JT OVMM�IPNPUPQJD�
" DPNQMFY (D, e) IBT B DPOUSBDUJOH IPNPUPQZ JG JUT JEFOUJUZ 1D JT OVMM�IPNPUPQJD�

5IFPSFN ���� )PNPUPQJD DIBJO NBQT JOEVDF UIF TBNF NPSQIJTN JO IPNPMPHZ� 5IBU JT
JG f, g : (C, d) → (C ′, d′) BSF DIBJO NBQT XJUI f ) g UIFO f∗n = g∗n : Hn(C) → Hn(C ′)

GPS BMM n�

1SPPG� -FU z JT B n�DZDMF UIFO fnz − gnz = d′n+1snz − sn−1dnz = d′n+1snz ∈ Bn(C ′) TP
f∗n = g∗n XFMM EPOF�

�

SuiCutCin
HomotopyFixxI
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收缩同伦 㗊惢 P㗟笖型热点⼼ win
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PropositionSo if a complex a hang a contrasting homotopy

then HnCC 0 for all
u.EPf.ISIn this s t.in by thru23



� .PSF 5IFPSFNT
5IFPSFN ���� *G (Ci)i∈I , (ϕi

j)i≤j JT B EJSFDU TZTUFN PG DPNQMFYFT PWFS B EJSFDUFE JOEFY TFU
UIFO GPS BMM n ≥ 0 XF IBWF

Hn(MJN−→Ci) ∼= MJN−→Hn(C
i).

5IFPSFN ��� 	#BSSBUU�8IJUFIFBE
� $POTJEFS UIF EJBHSBN XJUI FYBDU SPXT�

An Bn Cn An−1

A′
n B′

n C ′
n A′

n−1

in

fn

pn

gn

∂n

hn fn−1

jn qn

*G FBDI hn JT BO JTPNPSQIJTN UIFO XF IBWF

A′
n+1 ⊕Bn+1 B′

n+1

An A′
n ⊕Bn B′

n

An−1 A′
n−1 ⊕Bn−1

(fn.in) jn−gn

∂nh
−1
n qn

XIFSF (fn, in) : an %→ (fnan, inan) BOE jn − gn : (a′n, bn) %→ jna′n − gnbn�

5IFPSFN ��� 	.BZFS�7JFUPSJT
� (JWFO B DPNNVUBUJWF EJBHSBN XJUI FYBDU SPXT�

0 $′ $ $′′ 0

0 "′ " "′′ 0

i

f

p

g h

j q

*G FWFSZ h∗ JO UIF GPMMPXJOH EJBHSBN

Hn($′) Hn($) Hn($′′) Hn−1($′)

Hn("′) Hn(") Hn("′′) Hn−1("′)

i∗

f∗

p∗

g∗

∂

h∗ f∗

j∗ q∗ ∂′

��

LP5 Since LEO this is trivial by 1hm2了
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JT BO JTPNPSQIJTN UIFO XF IBWF BO FYBDU TFRVFODF�

Hn+1("′)⊕Hn+1($) Hn+1(")

Hn($′) Hn("′)⊕Hn($) Hn(")

Hn−1($′) Hn−1("′)⊕Hn−1($)

��


