Report on Chapter 4—Numerical Differentiation and Integration

1 Introduction to Algorithms

Those methods are used to calculate differentation or integration of a given function numeri-
cally,i.e.without using the analytic expressions of them.The basic idea is using the interpolation

polynomials to approximate the functions.

2 Codes and Numerical Experiments

2.1 Numerical Differentation

In this section we use 6 methods,two-point forward&backward,three-point endpoint&midpoint,five-
point endpoint&midpoint,to calculate the numerical derivative of 8 functions at x = 1.We also
compare these value with the exact value see how exact these methods are.We package these 8
functions as one function,the code is in Appendix @:
@We also package 6 numerical differentation method as a function,the code is in Appendix

Now we use the function above to calculate the result,the code is in Appendix @:

The value is listed in Table m and the error is listed in Table E(The 4 number in each square
is got by taking the length of step h = 0.1,0.01,0.2,0.02).

From Table E,we see that the two-point methods are not so accurate as the other 4 meth-
ods.We also see that,for n = 2,3,5, points,more points we use,more exact the value will
be.What’s more,for A = 0.1,0.01, 0.2, 0.02,the smaller h is,more exact the value will be.



Table 1: Value of Methods

value \ f(z)
H—% sin(z) tan(z) zlog(z) ze® e’ sin(z) 2 +1 sinh(z)
method
two-point | -0.497500124 | 0.536085981 | 3.479829956 | 1.196888873 | 5.477519671 | 3.770708495 | 0.708865742 | 1.548982408
forward -0.475113122 | 0.497363753 | 4.073519326 | 1.229838986 | 5.863007979 | 3.899795842 | 0.723933124 | 1.604462765
-0.49500098 | 0.531851857 | 3.536134378 | 1.200614054 | 5.518841539 | 3.785310881 | 0.710607224 | 1.554935913
-0.450819672 | 0.452840506 | 5.073719487 | 1.265008259 | 6.329292394 | 4.035617274 | 0.739181864 | 1.671300809
two-point | -0.502499874 | 0.544500621 | 3.373098364 | 1.189388821 | 5.395970083 | 3.741335379 | 0.705330142 | 1.537230298
backward | -0.524861878 | 0.581440752 | 2.972495071 | 1.15478683 | 5.046390284 | 3.606819832 | 0.688511577 | 1.486844679
-0.50499898 | 0.548680716 | 3.322472929 | 1.185613637 | 5.355735568 | 3.726569223 | 0.703535626 | 1.531431105
-0.548780488 | 0.62057447 | 2.638845838 | 1.114589243 | 4.689245428 | 3.454249733 | 0.667943574 | 1.435476057
three-point | -0.499999267 | 0.540320105 | 3.423525535 | 1.193163692 | 5.436197802 | 3.756106109 | 0.707124261 | 1.543028903
endpoint | -0.499406572 | 0.541886999 | 3.073319165 | 1.194669713 | 5.396723564 | 3.76397441 | 0.708684383 | 1.537624721
-0.499994274 | 0.540372653 | 3.417096566 | 1.193212618 | 5.435086417 | 3.756286118 | 0.707175914 | 1.542872511
-0.496233939 | 0.545734149 | -0.453751002 | 1.198743889 | 5.261089475 | 3.799133485 | 0.712735 | 1.519850848
three-point | -0.499999999 | 0.540293301 | 3.42646416 | 1.193138847 | 5.436744877 | 3.756021937 | 0.707097942 | 1.543106353
midpoint -0.4999875 | 0.539402252 | 3.523007198 | 1.192312908 | 5.454699131 | 3.753307837 | 0.70622235 | 1.545653722
-0.49999998 | 0.540266286 | 3.429303653 | 1.193113846 | 5.437288554 | 3.755940052 | 0.707071425 | 1.543183509
-0.49980008 | 0.536707488 | 3.856282663 | 1.189798751 | 5.509268911 | 3.744933503 | 0.703562719 | 1.553388433
five-point | -0.500000029 | 0.540302305 | 3.425510512 | 1.193147183 | 5.436563624 | 3.756049258 | 0.707106783 | 1.543080632
endpoint | -0.500166225 | 0.540294454 | 2.513166713 | 1.193162817 | 5.436166764 | 3.756386017 | 0.707124373 | 1.543045352
-0.500000432 | 0.540302289 | 3.425358001 | 1.193147214 | 5.436563114 | 3.75604972 | 0.707106805 | 1.543080584
-0.501331734 | 0.540227493 | -274.6072782 | 1.193328425 | 5.428810194 | 3.761864458 | 0.707365602 | 1.542427314
five-point | -0.500000005 | 0.540302306 | 3.425517662 | 1.193147181 | 5.436563651 | 3.756049232 | 0.707106781 | 1.543080634
midpoint | -0.500049974 | 0.540300507 | 3.411915377 | 1.193150961 | 5.436509205 | 3.756099282 | 0.707108894 | 1.543075485
-0.50000008 | 0.540302303 | 3.425500199 | 1.193147187 | 5.43656357 | 3.756049307 | 0.707106785 | 1.543080627
-0.500793323 | 0.540273627 | 3.010982339 | 1.193209146 | 5.435688268 | 3.756848819 | 0.707135845 | 1.542997944
exact value -0.5 0.540302306 | 3.425518821 | 1.193147181 | 5.436563657 | 3.756049227 | 0.707106781 | 1.543080635




Table 2:

Error of Methods

value \ f(z)
ﬁ sin(z) tan(z) zlog(z) ze” e’ sin(z) 241 sinh(z)
method

two-point | 0.002499876 | -0.004216325 | 0.054311136 | 0.003741693 | 0.040956014 | 0.014659268 | 0.001758961 | 0.005901773
forward 0.024886878 | -0.042938553 | 0.648000505 | 0.036691806 | 0.426444322 | 0.143746615 | 0.016826342 | 0.06138213
0.00499902 | -0.008450449 | 0.110615557 | 0.007466874 | 0.082277882 | 0.029261654 | 0.003500443 | 0.011855278
0.049180328 | -0.0874618 | 1.648200667 | 0.071861079 | 0.892728737 | 0.279568047 | 0.032075083 | 0.128220174
two-point | -0.002499874 | 0.004198315 | -0.052420457 | -0.003758359 | -0.040593574 | -0.014713848 | -0.001776639 | -0.005850337
backward | -0.024861878 | 0.041138446 | -0.45302375 | -0.038360351 | -0.390173373 | -0.149229395 | -0.018595205 | -0.056235955
-0.00499898 | 0.00837841 | -0.103045892 | -0.007533543 | -0.080828089 | -0.029480004 | -0.003571155 | -0.01164953
-0.048780488 | 0.080272164 | -0.786672983 | -0.078557937 | -0.747318229 | -0.301799494 | -0.039163207 | -0.107604578
three-point | 7.32687E-07 | 1.77991E-05 | -0.001993286 | 1.65117E-05 | -0.000365855 | 5.68824E-05 | 1.74796E-05 | -5.17316E-05
endpoint | 0.000593428 | 0.001584693 | -0.352199656 | 0.001522533 | -0.039840093 | 0.007925183 | 0.001577602 | -0.005455914
5.726E-06 | 7.03474E-05 | -0.008422255 | 6.54373E-05 | -0.00147724 | 0.000236891 | 6.91324E-05 | -0.000208123
0.003766061 | 0.005431843 | -3.879269823 | 0.005596709 | -0.175474181 | 0.043084258 | 0.005628219 | -0.023229787
three-point | 1.24999E-09 | -9.00499E-06 | 0.000945339 | -8.33343E-06 | 0.00018122 | -2.729E-05 | -8.83889E-06 | 2.57181E-05
midpoint | 1.24997E-05 | -0.000900054 | 0.097488378 | -0.000834272 | 0.018135475 | -0.00274139 | -0.000884431 | 0.002573087
0.00000002 | -3.60194E-05 | 0.003784833 | -3.33348E-05 | 0.000724897 | -0.000109175 | -3.53562E-05 | 0.000102874
0.00019992 | -0.003594818 | 0.430763842 | -0.003348429 | 0.072705254 | -0.011115724 | -0.003544062 | 0.010307798
five-point | -2.85025E-08 | -1.05242E-09 | -8.3088E-06 | 2.16477E-09 | -3.32607E-08 | 3.04377E-08 | 1.41797E-09 | -3.12573E-09
endpoint | -0.000166225 | -7.852E-06 | -0.912352107 | 1.56362E-05 | -0.000396893 | 0.00033679 | 1.75922E-05 | -3.52829E-05
-4.32305E-07 | -1.63816E-08 | -0.00016082 | 3.33421E-08 | -5.42644E-07 | 4.93168E-07 | 2.39402E-08 | -5.0663E-08
-0.001331734 | -7.48131E-05 | -278.0327971 | 0.000181245 | -0.007753463 | 0.005815231 | 0.000258821 | -0.000653321
five-point | -0.000000005 | -1.80097E-10 | -1.15851E-06 | 3.75025E-10 | -5.43667E-09 | 5.008E-09 | 2.20886E-10 | -5.14369E-10
midpoint | -4.99738E-05 | -1.79886E-06 | -0.013603444 | 3.77999E-06 | -5.4452E-05 | 5.00545E-05 | 2.11256E-06 | -5.14973E-06
-0.00000008 | -2.88147E-09 | -1.86218E-05 | 6.00191E-09 | -8.69906E-08 | 8.01274E-08 | 3.52935E-09 | -8.23016E-09
-0.000793323 | -2.86792E-05 | -0.414536482 | 6.1965E-05 | -0.000875389 | 0.000799592 | 2.90634E-05 | -8.26904E-05




2.2 Numerical Integration

In this section we use 4 method,composite Simpson’s method,Romberg’s method,composite G-L

method with 2&3 nodes to calculate integral

100 )
I = / ze 7
1

And we compare the efficiency and error of these methods to see which is better.

We package these methods and integrand f(x) = xe™

pendix @ @ @ @

CL‘2

as functions,the codes are in Ap-

Now we use these functions above to calculate the numerical integral and compare the value
with the exact value got from Wolframalpha,the results are listed in Table E @ B B and the code

is in Appendix @

Table 3: Composite Simpson’s Method

Value or error

step
100 100 100 100 _100_
10 20 100 1000 10000
Value or error
value 1.214002156 | 0.607001078 | 0.122393163 | 0.101470417 | 0.101476482
error -1.112525673 | -0.505524595 | -0.020916681 | 6.06587E-06 | 5.89142E-10
Table 4: Romberg’s Method
step
100 100 100 100
5 10 15 20

value 0.694194116 | 0.101606423 | 0.101476483 | 0.101476483
error -0.592717633 | -0.000129941 | -1.38778E-17 | 2.498E-16
Table 5: Composite Gauss-Legendre Method with 2 Nodes
step
100 100 100 100 _100_
10 20 100 1000 10000
Value or error
value 2.21439E-12 | 0.000965015 | 0.105283673 | 0.10147673 | 0.101476483
error 0.101476483 | 0.100511468 | -0.003807191 | -2.47303E-07 | -2.45424E-11




Table 6: Composite Gauss-Legendre Method with 3 Nodes

step
100 100 100 100 _100_
10 20 100 1000 10000
Value or error
value 0.000448374 | 0.048843459 | 0.10142398 | 0.101476482 | 0.101476483
error 0.101028109 | 0.052633024 | 5.2503E-05 | 1.28445E-10 | 1.52656E-16

From these table,clearly, Romberg’s method is the best method among them.When the step

h = %,the accuracy is of 10717 while other methods never give such accuracy.And the com-

posite G-L method,no matter with 2 or 3 nodes,behaves better than composite Simpson’s
method.Also,the composite G-L method with 3 nodes behaves better than the one with 2 nodes.



3 Discussions and Conclusions

3.1 Numerical Differentation

We get from our experiments that when the number of points rising or the length of step being
smaller,the numerical methods become more accurate.This meets the theoritical calculation.But
the theoritical calculation also tells us that the number of points can’t be too big and the length

of step can’t be too small because these algorithms are instable.

3.2 Numerical Integration

Romberg’s method is the best method among them,and the composite G-L method,no matter
with 2 or 3 nodes,behaves better than composite Simpson’s method.Also,the composite G-L
method with 3 nodes behaves better than the one with 2 nodes.These all meet our theoretical

calculation.



A Codes for Numerical Differentation

Al

1

10

11

12

13

14

15

16

17

18

19
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function f=f(x,n)
switch n
case 1
f=1./(1+x.72);
case 2
f=sin(x);
case 3
f=tan(x);
case 4
f=x.xlog(1+x);
case 5
f=x.xexp(x);
case 6
f=exp (x).*xsin(x);
case 7
f=(x.72+1).70.5;
case 8
f=sinh (x);
end

end
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function ndif=ndif(f,x,h,n,m)
switch n
case 1
switch m
case 1
ndif=(f(x+h)—f(x))./h;
case 2
ndif=(f(x)—f(x-h))./h;
end
case 2
switch m
case 1

ndif=(=3.%f(x)+4.%f(x+h)—f(x+2.%h))./(2.xh);

case 2

ndif=(f(x+h)—f(x-h))./(2.%h);

end
case 3
switch m
case 1
ndif=(—25.%f(x)4+48.%f (x+h) —36.%f (x+2.%xh)+...

16.# f (x+3.xh)—3.xf(x+4.xh))./(12.xh);
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case 2
ndif=(f(x—2.xh)—8.xf(x~h)+8.«f(x+h)...
—f(x+2.%h))./(12.%h);
end
end

end

A3
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clear

cle
h=[0.01,0.1,0.02,0.2];
x=1;

a=zeros (8,25);

e=zeros (8,24);

for n=1:8

a(n,25)=df(x,n);

for k=1:3
for m=1:2
for t=1:4

a(n,4*(2%x(k—1)4m—1)+t)=ndif (Q(x)f(x,n),x,h(t),k,m);

e(n,4%(2%(k—1)4+m-1)+t)=a(n,4*(2x(k—1)+m-1)+t)—a(n,25);

end
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end
end
end
xlswrite (7C:\ Users\rixinner\Desktop ...
\\Ch_4\Numerical differentation\datal.xls” ,a’, Al1:H25")
xlswrite ("C:\ Users\rixinner\Desktop ...

\\Ch_4\Numerical differentation\data2.xls”,e’, ’Al1:H24")

B Codes for Numerical Integration

B.1

1

2

3

function f1=f1(x)
fl=x.xexp(—x.73);

end

B.2

1

function CS=CS(f,a,b,n)

h=(b—a)./n;
S0=f (a)+f(b);

S1

I
o

S2=0;

10




s for i=1:n—1

9 X=a+i.xh;

10 if mod(i,2)==0
11 S2=S2+f (X);
12 else

13 S1=S1+f (X);
14 end

15 end

16 CS=h.%(S0+2.%xS2+4.%xS1)./3;

17 end

B.3

1 function Rbg=Rbg(f,a,b,n)

1+ h=b—a;

s R(1,1)=h./2.%(f(a)+f(b));

. R(2,1)=1/2.#(R(1,1)+h.*sum(f(a+((1:27(i—2))—0.5).%h)));
s for j=2:i

; R(2,))=(4"(j —1).#R(2,j—1)—R(1,j —1))./(47(j —1)—1);
o end

" h=h/2;

12 for j=1:i

11




R(1,§)=R(2,]);

13
14 end

15 end

16 Rbg=R(1,n);

17 end

B.4

1 function CGL=CGL(f,a,b,n,m)%composite G-L method

2 %f is the function & a,b is the interval

s %(b—a)/n is the step & m is number of node

4« switch m

5 case 2/2-node

6 h=(b—a)./n;

7 CGL=h./2.xsum(f(a+((l:n)—1/2).xh...

s —h./(2xsqrt(3)))+f(a+((1:n)—1/2).%h+th./(2xsqrt (3))));

9 case 3V3-—node

10 h=(b—a)./(2x%n);

1 CGI=h. /9. xsum (5.xf(a+(2.%(1:n)—1).xh—h.*xsqrt (3/5))...
12 +5.xf(a+(2.%(1:n)—1).xh+h.xsqrt (3/5))+8.«f(a+(2.%(1:n)—1).xh));
13 end

14 end

B.5

12
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clear

clce

ev=0.1014764825947195668201483098935834921538325145...

055243911271631087040604166222922998554307931949939979;

cs(1,1)=CS(@f1,1,100,10);
cs(1,2)=CS(@f1,1,100,20);
cs(1,3)=CS(@f1,1,100,100);
cs(1,4)=CS(@f1,1,100,1000);

cs(1,5)=CS(@f1,1,100,10000);

rbg(1,1)=Rbg(@f1,1,100,5);
rbg(1,2)=Rbg(@f1,1,100,10);
rbg(1,3)=Rbg(@f1,1,100,15);

rbg (1,4)=Rbg(@f1,1,100,20);

cgl2(1,1)=CGL(@f1,1,100,10,2);
cgl2(1,2)=CGL(@f1,1,100,20,2);
cgl2 (1,3)=CGL(@f1,1,100,100,2);

cgl2(1,4)=CGL(@f1,1,100,1000,2);

cgl2(1,5)=CGL(@f1,1,100,10000,2);

cgl3(1,1)=CGL(@f1,1,100,10,3);
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cgl3(1,2)=CGL(@f1,1,100,20,3);
cgl3(1,3)=CGL(@f1,1,100,100,3);
cgl3 (1,4)=CGL(@f1,1,100,1000,3);

cgl3(1,5)=CGL(@f1,1,100,10000,3);

€0Ccs=ev—cCs ;
eorbg=ev—rbg;
eocgl2=ev—cgl2;

eocgl3=ev—cgl3;

xlswrite (”"C:\ Users\rixinner\Desktop \\Ch_4...
\Numerical integration\cs.xls” [cs;eocs]|, Al:E2")
xlswrite (C:\ Users\rixinner\Desktop \\Ch_4...

\Numerical integration\rbg.xls” [rbg;eorbg], Al:D2")
xlswrite (”C:\ Users\rixinner\Desktop \\Ch_4...
\Numerical integration\cgl2.xls” [cgl2;eocgl2], ’Al:E2")
xlswrite (”"C:\ Users\rixinner\Desktop \\Ch_4...

\Numerical integration\cgl3.xls” [cgl3;eocgl3], Al:E2’)
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