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1 Introduction

We will follows [BF97|[AB84][GP9Y] and we will also use [Ric2|.

We need [Har77|[Ful98|[EH16].

Here we will consider P(—) = ProjSym(—)" for bundles and the vec-
tor bundle is both space and sheaf via SpecSym(—)Y. For a cone C =
Specy.”*, we define P(C) := Projy.* and P(C & 0) := Projy.7*[7]
which is the projective cone and projective completion, respectively. For
more details we refer Appendix B.5 of [Ful9g|.

2 Review of Basic Intersection Theory

We will follows [] We will omit the basic things such as Segre classes
of bundles and cones, Chern classes of bundles and the technique of the
deformation to the normal cone. We refer Chapter 1-5 in [Ful9g]. We work
over schemes of finite type over some field k.

2.1 Basic Facts of Refined Gysin Pullback

Here we will follows Chapter 6,8,9 of [Ful98]. We will state the results
without the most of the proof.

Definition 2.1 (Intersection Product). Let i : X < Y be a closed regular
embedding of codimension d with normal bundle Nx y. PickV be a scheme



of pure dimension k. Consider the cartesian diagram
W5V
L
X =Y
Let .7 be the ideal of i and Z be the ideal of j, then we have surjection

D@ s s =0

which induce embedding Cw v — g*Nx,;y. Note that Cy v is also a
scheme of pure dimension k since P(Cy v @ O) is the exceptional divisor of
Bl (Y xAl). Let0: W — 9" Nx y be the zero-section of m: g"Nx jy — W,
then we define

X V= 0*[CW/V] = (W*)_I[CW/V] S Ckad(W)
as the intersection class.
Proposition 2.2. Consider the situation of Definition @

(a) We have X -V = {c(g*Nx,y) Ns(W,V)}r—a.

(b) Let 2 be the universal quotient bundle of q : P(¢*Nx y ®© O) — W,
then
XV =q(ca(2)N[P(Cw,v & O))).

(c) If j: W — V is a regular embedding of codimension d’, then X -V =
ca-ar (9" Nx v /Nwv) 0 [W].

Proof. Easy, one omitted. See Proposition 6.1 and Example 6.1.7 in [Ful9§|.
O

Definition 2.3 (Refined Gysin Pullback). Leti: X — Y be a closed regular
embedding of codimension d with normal bundle Nx y. Pick f:Y' =Y be
a morphism. Consider the cartesian diagram

X Ly

ol

X —'3Y

Then we define i : Z;,Y' — CHu_q X' as YonilVil = >, n X - Vi, Now it
can be decomposed as:

' 2,Y' 5 2, Cxrjyr — CHi(g" Ny y) S CHy g X



where o : ZyY' — Zy, Cxvjyr given by [V] = [Cynxiyv]. By the technique
of deformation to the normal cone, this can be descend to the Chow-group
level as o : CHLY' — CHy Cx//ys (see Proposition 5.2 in [Ful98[) which
1s called the specialization to the normal cone. Hence this induce the refined
Gysin pullback

i CHRY! = CHe g X D milVil = > niX - Vi

Proposition 2.4. Consider the situation of Definition @ Consider

X i’ v

| T

i

X Ly
o
X —'—Y
(a) If p proper and o € CHy(Y"), then i'p.(a) = q.i'(a) € CHy_a(X7).

(b) If p is flat of relative dimension n and o € CHg(Y"), then i'p*(a) =
q*i'(a) € CHipn_a(X").

(c) If i’ is also a regular embedding of codimension d and o € CHg(Y"),
then i'a = (i')'(a) € CHy_a(X").

(d) If i is a regular embedding of codimension d’, then for a € CHg(Y")
we have

i'(a) = ca—a (4" (9" Nx v /Nxryy)) 0 (') (@) € CHy—a(X").

We call g*Nx )y /[Nx:/y+ the excess normal bundle.
(e) Let F be any vector bundle on Y’', then for « € CHg(Y") we have

i(em(F) Na) = en((i)*F)Ni'(a) € CHp_g_m(X).

Proof. See Theorem 6.2, Theorem 6.3 and Proposition 6.3 in [Ful9g]. O

Corollary 2.5. Let i : X — Y be a regular embedding of codimension d,
then
i*ix () = ca(Nxy) Na € CHL(X).

Proof. By Proposition @(d) directly. O

Proposition 2.6. The refined Gysin pullback have the following properties.



(a) Let i : X — Y and j : S — T are reqular embeddings of codimension
d, e, respectively. Consider cartesians:

X'e—sY" —— §
[
X ety — T
|
X —"-Y
Then for any o € CHi(Y"), we have
j'it(a) = i'5'(a) € CH_g_o(X").

(b) Leti: X — Y and j:Y — Z are reqular embeddings of codimension
d, e, respectively. Consider cartesians:

Xy I g
Pl
X sy Lsz
Then ji is a reqular embedding of codimension d + e and for all o €
CHy(Z") we have
(ji)' (@) = i'j' () € CHy—a—e(X).

Proof. See Theorem 6.4 and Theorem 6.5 in [Ful9g].

Proposition 2.7. Consider cartesians:

./ 7
X Ly Lz

I
X ‘tsy -2,z

(a) If i is a regular embedding of codimension d and p and pi are flat of
relative dimension n,n—d, respectively. Then i’ is a reqular embedding
of codimension d and p’,p'i" are flat, and for « € CHi(Z') we have

(') () = (@) ((p) ) = ' ((0')" ).

(b) If i is a regular embedding of codimension d and p is smooth of relative
dimension n, and pi is a reqular embedding of codimension d —n Then

for a € CHp(Z") we have
(pi)' (o) = i((p') ")



Proof. See Proposition 6.5 in [Ful9g]. O
Remark 2.8. Some remarks.

(a) For local complete intersection morphism f : X — Y, we can decom-

pose it into f: X - P B Y where i is a closed reqular embedding of
constant codimension and p is smooth of constant relative dimension.
Then we can define f' :=d'(p')*. See Section 6.6 in [Ful98] for more
properties.

(b) If Y is nonsingular of dimension n, then we can define the following
intersection product: Let f : X —-Y andp: X' - X andq:Y' =Y.
Let x € CHi(X') and y € CH(Y"), consider the cartesian

X' xyY —— X' xY’

|7 e

X "7 L xXxY

and define x -y y = 7}(w X Y) € CHpq1—n (X' xy Y).
So when x,y € CH.(Y), then let X =Y and X' = |z|,Y' = |y|, then
we get the new intersection product. Note that this is compactible as

the definition before. See Chapter 8 in [Ful98] for more properties. In
this case CH.(Y) is a ring which is called Chow ring.

Finally we will discuss something about equivalence and supportness.

Definition 2.9. Leti: X < Y be a closed reqular embedding of codimension
d with normal bundle Ny y. Pick V be a scheme of pure dimension k.
Consider the cartesian diagram

Wty

ol

X —3Y

Let Cy, ..., C,. be the irreducible components of Cyy v, then [Cyy v] = S mg[Cy).
Let Z; = n(C;) where w: g*Nx ;y — W and we call them the distinguished
varieties of the intersection of V by X. Let N; := (9"Nx,y)|z, and let
0; : Z; = N; be the zero-sections. Let o; := 07[C;] € CHg—q(Z;) and hence
we have X -V =3 mia; € CHy_q(W).

Pick any closed set S C W, we define

(X V)%= )" mia; € CHy_a(S)

as the part of X -V supported on S.



Definition 2.10. Let X; — Y be closed regular embeddings of codimension
d;. Let V CY be a k-dimensional subvariety. Consider

N,XiNVe—————V
[ I
Xix o xX, ——Yx..-xY

Then we can get Xy ... 2,V € CHgimv -y, a,(; Xa N V).
Let Z be a connected component of (), X; NV, we will consider

(Xl N, V)Z € CHdimV—Zi d; (Z)
as before.

Proposition 2.11. As in the previous situation, we have

=1

(XlXTV)Z:{HC(NXl/Y|Z)ms(ZaV)} :
dim V=37, d;
If Z — V is a regular embedding, then
Xy X V)P = {H e(Nx,yvlz) - e(Nzpv)~™t 0 [Z]} :
i=1 dim V-3, d;
If V. Z are both non-singular, then
(X1 X V)2 = {HC(NXi/Y|Z)C(TVZ)_lc(TZ) n [Z}} :
i=1 dimV =37, d;

Proof. See Proposition 9.1.1 in [Ful9g]. O

2.2 Localized Chern Class

Here we will follows Chapter 14.1 of [Ful9g|. This is the most important
part which is the local case of the virtual fundamental class.

Definition 2.12. Let E — X be a vector bundle of rank e over a purely
n-dimensional scheme X. Let s : X — E be a section, consider the cartesian

Z(s) — X
K
X% F

—
7



with zero-section 0 : X — E which is a regular section by trivial reason. We
define
e (E, s) == 0'([X]) = 0"(Cz(s)/x) € CHp_e(Z(s))

be the localized (top) Chern class of E with respect to s.
Proposition 2.13. Consider the situation of Definition .
(a) We have i.(ce(E, s)) = c.(E) N [X].

(b) Each irreducible component of Z(s) has codimension at most e in X.
If codimy () X = e, then cio.(E, s) is a positive cycle whose support is
Z(s).

(c) If s is a regular section, then c,.(E,s) = [Z(s)].

(d) Let f: X' — X be a morphism, s' = f*s be a induced section of f*E.
Let g: Z(s') — Z(s) be the induced morphism.
(d1) If f flat, then g*cioc(E, ) = coe(f*E, s').
(d2) If f is proper of varieties, then g.cioc(f*E, s") = deg(X'/X)cioc(E, 8).

Proof. For (a), by Proposition R.4(a) and Corollary R.3, we have
i,0'[X] = 0%5,[X] = 55, [X] = co.(E) N [X].

For (b),(c), these follows from the trivial arguments of intersection multi-
plicities, see Lemma 7.1 and Proposition 7.1 in [Ful98]. Finally (d) follows
from the following cartesians

) —— X'

Z(s
|
X’crf—E>f*E
"
X —2 4+ F

and Proposition P.4. O

3 A Brief of Cotangent Complexes

Here we will give a quike introduction of cotangent complexes. We will
consider Deligne-Mumford stacks locally of finite type over k. Morphisms
are quasicompact and quasiseparated. We work over étale site.



Theorem 3.1. For every morphism f: X —Y of DM-stacks (resp. finite
type morphism of noetherian DM-stacks), there exists a complex

LX/Y:~--—>L;(1/Y—>IL§(/Y—>O

of flat Ox -modules with quasi-coherent (resp., coherent) cohomology, whose
image D, (Xea) (resp. De,,(Xa)) is also denoted by Ly . This is called
the cotangent complex of f. It satisfies the following properties.

(a) H'(X,Ly,y) = Qﬁg/y'

(b) The morphism f is smooth if and only if f is locally of finite presen-
tation and Lx v is a perfect complex supported in degree 0. In this
case, there is a quasi-isomorphism Ly jy = Qﬁ(/y[O],

(c) If f factors as X — Z defined by a sheaf of ideals & and a smooth
morphism Z — 'Y, then

L3y 20— 7/9% = QY y|x = 0]
in Dgeo, (Xa) with Qk/y in degree 0. If in addition f is generically
smooth, then Ly vy = Qk/y[()]. Moreover, if f is lci, then Lx y is
perfect of perfect amplitude contained in [—1,0].

(d) If we have a cartesian diagram

x 4, x
L b
y -2,y

then there is a morphism (Lg')*Lx vy — Lx:/y.. When f or g is flat,
then it is a quasi-isomorphism.

(e) If X Ly 5 Zisa composition of morphisms of DM-stacks, then
there is an exact triangle

Lf*Ly,z = Lx;z = Lx;y = Lf*Ly,z[1]
m D(SCOh(Xét), This induces a long exact sequence on cohomology
o= H Y (Lx)z) = H N (Lxyy) = f*Qy ) = Qx5 = Qxy — 0.

Proof. In the level of ring maps A — B, this constructed by standard sim-
plicial free A-resolution B — P(B), where P(B), = A[---[A[B]]---] as

Lp/a:=Qp)./a ®p(B). B-
See Tag 08UV Tag 0DON Tag 0FK3 Tag 08QQ Tag 08T4. O


https://stacks.math.columbia.edu/tag/08UV
https://stacks.math.columbia.edu/tag/0D0N
https://stacks.math.columbia.edu/tag/0FK3
https://stacks.math.columbia.edu/tag/08QQ
https://stacks.math.columbia.edu/tag/08T4

Remark 3.2. For the general algebraic stacks, any quasi-separated 1-morphism
[+ X — & with separated diagonal, there exists a relative cotangent complex

Ly e Déjoh(%is-ét)

over lisse-étale site of 2 . Existence is good, but the fact that the cotangent
complex trespasses to positive degree forces one to pay more attention when
performing the cutoff. If the diagonal of f is unramified (as we consider
now), then this problem goes away, in the sense that Ly € Dggoh(%is,ét).
We refer Chapter 17, espectially 17.3 in [LMBOQ] for more comments about
this and the generalization of the properties as above.

4 Fundations of Virtual Fundamental Class

We will follows [BF97]. Here an algebraic stack (or Artin stack) over a field
k is assumed to be quasi-separated and locally of finite type over k. The
Chow groups as we consider are all Q-coefficients. We thanks Zhiyu Liu’s
discussion and several useful helps about [BF97].

4.1 About Cones
We will let X be a Deligne-Mumford stack now.
Definition 4.1. Let X be a DM-stack.

(a) We call an affine X-scheme C = Spec . is a cone over X if the
quasi-coherent algebra ¥ is graded as &/ = @izo S with #° = Ox
and .7 is coherent and & is generated by .#*.

(b) A morphism of cones over X is an X-morphism induced by a graded
morphism of graded sheaves of Ox-algebras. A closed subcone is the
image of a closed immersion of cones.

Remark 4.2. (a) The fiber product of cones over X is still a cone over
X.

(b) For every cone C — X, it has a zero section 0 : X — C induced by
S — .

(c) For every cone C — X, the grade induce a Gp,-action G, x C =
Specxy[t,t_l] — C induced by & — L[t,t7] via so + -84
>, ait’ where s; € . Since no negative power of t occurs, we can

in fact replace G,, by A'. So we have the A'-action v : A' x C — C
induced by & — S[x] via S* > s+ sx'. Note that here A' is not a

10
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group scheme and the action here, as expected, to be the commutativity
of the following diagrams:

¢ LWV/OD 1o Al x Al x € 2P0 Al g Al x O
Ml’v m><idJ{ l’y

C Al x C —C
where m(x,y) = xy.

(d) So a morphism of cones f : C — D over X is just the A'-equivariant
X -morphism respecting the zero section, that is, the following commu-
tativity of the diagram:

0
AlxC —5 0= X
idxfl fl //
Op
Al'xD—— D
Definition 4.3. Let.Z be a coherent sheaf of X, then we can define C(F) :=
SpecX Sym(F) which is a group scheme over X since it can be represented

as C(F)(T) = Hom(.Zr, Or). We call a cone of this form is an abelian cone
over X.

Remark 4.4. (a) A fibered product of abelian cones is an abelian cone.

(b) A wector bundle E = Spec, Sym(&) is a special case.

(¢) Any cone C' = Spec, D, S is canonically a closed subcone of an
abelian cone A(C) = Spec, Sym Y, called the abelian hull of C. The
abelian hull is a vector bundle if and only if S is locally free.

(d) The abelianization C — A(C) is a functor has the forgetful functor as
a right adjoint. So we have

HomAbconex (A(C), A) = Homconex (C, A)

(e) Let Alg% as the category of quasicoherent graded Ox -algebras satisfy-
ing the condition in the definition of cones. So we have the following
commutative diagram of functors:

° Specx op
Algy, ————— Coney

SymT /[
Spec . Sym(—)Y
LocFreey ———— Vecty

l I

Spccx Sym o
Cohy —————— AbCone¥

11



Example 4.5. Tow important examples. Let X — Y be a closed immersion
of ideal 9. Then Cxy := Spec, €D,,5 S ) I s called the normal cone

of X inY. The associated abelian cone Nx y = SpecX Sym .# /.72 is called
the normal sheaf of X inY .

Lemma 4.6. About smoothness:

(a) Let C = Spec ..’ be a cone over X. Then Cx/c = ST 0*Qeyx -
(b) A cone C over X is a vector bundle if and only if it is smooth over X.

(¢) Let C — D be a smooth morphism of cones of relative dimension n
over X. Then the induced morphism A(C) — A(D) is also smooth of
relative dimension n.

Proof. For (a), note that Cx /o = 1 is trivial by definition. Morever, 0 :
X — C is the zero section and we have 0 — Cx,c — 0"Q¢c/x — Qx/x =0
exact (see Tag 0474). Well done.

For (b), let C' = Spec, B, % and assume that C' — X has constant
relative dimension 7. Then .#! = 0*Q¢ /x is locally free of rank 7. As
C — A(C) where A(C) is a vector bundle and dim C' = dim A(C), we know
that C is a vector bundle.

For (c), apply the exact triangle of cotangent complex to X — C — D
and (a), we have an exact sequence

07" = "= 05Qc/p =0

where C' = Spec, . and D = Spec,.7. So locally we have A(C) = A(D)x x

Spec Sym(0&82c,p). Well done. O

Definition 4.7. A sequence of cone morphisms

0ES5C=SD=0

18 called exact if E is a vector bundle and locally over X there is a morphism
of cones C' — E splitting i and inducing an isomorphism C 2 E xx D.

Remark 4.8. As E — X is smooth and surjective by Lemma E, if 0 —

E % C — D — 0 then locally we have C = E x x D which force that C — D
is smooth and surjective! Similarly i : E — C is a closed embedding.

Lemma 4.9. We have the following useful results.

(a) Given a short exact sequence 0 — %' — F — & — 0 of coher-
ent sheaves on X, with & locally free, then 0 — C(&) — C(F) —
C(F#') = 0 is exact, and conversely is also true.

12
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(b) Let 0 > E - F 1y G = 0 be an evact sequence of abelian cones over
X with E a vector bundle. Assume that D C G is a closed subcone,
then the induced sequence 0 — E — f~1(D) =: C — D — 0 is ezact.

(¢c) Let f : C — D be a morphisms of cones over X which is smooth
surjective, then the induced diagram

C D
| [
A(c) 29 A(p)

f

is cartesian. Moreover, we have D = [C'/E] (see Lemma [{.13(a)) and
A(D) = [A(C)/E], where E .= C XD,o X = A(C) X A(D),0 X.

(d) Let E be a vector bundle over X and then the sequence 0 — E — C —
D — 0 is exact if and only if the abelian hulls 0 — E — A(C) —
A(D) — 0 is exact and C — D is smooth and surjective.

Proof. For (a), we refer Example 4.1.6 and Example 4.1.7 in [Ful98]. As
exactness is local, we may assume & is free. Then the first sequence is exact
if and only if #' @ & = % if and only if the second sequence is exact as
cones, since Sym(F#’' @ &) = Sym(F#') @ Sym(&) = Sym(.F).

For (b), note that this can be checked locally, so we can let we can assume
that % = 4 ®© &Y where E = Spec, Sym&Y and F = Spec,, Sym.# and
G = Spec, Sym¥. Let D = Specxﬂ, then we have surjection Sym(¥) —
7. By definition, we have

C = F xg D = Spec, (Sym(F) @sym(«) 7)
= SpecX((Sym(%) ® Sym &) Qsym(w) 7 )
= SpecX(Syméav ® 7).

This means locally C' = E @& D and the splitting C' — FE is induced by
F — E. Well done.

For (c), let £ := C xpo X and E' := A(C) x 4(py D with embedding
E < E', then both of them are vector bundles by Lemma [Ld(b)(c) and
hence £ = E’. We have cartesians

EﬁX Er4>X
| | |
C —— D A(C) —— A(D)

By the properties of commutative affine group schemes, we have A(D) =

13



[A(C)/E]. But how about [C'/E]? Now we have

/ D
C=—— 4 [C/E]

-

| ]

A(C) ——— A(D)

Since C — [C/E] and C — D are both smooth and surjective, we know that
[C/E] — D is flat and surjective. But by closed embeddings [C'/E] — A(D)
and D — A(D), we know that [C'/E] — D is also a closed embedding. Thus
D = [C/E], well done.

For (d), note that all the question is locally on X. First we assume
0— E-5C % D 0isexact. Then by (a), to show that 0 - E — A(C) —

A(D) — 0 is exact, we only need to show that 0 — 7! — 1 — & — 0
is exact where £ = SpecX Sym&Y and C = SpecXY and D = Specxﬂ.

First since f is faithfully flat and quasi-compact, we know that 7! — !
is injective. And since 7 is a closed embedding, .#* — &V is surjective. Now
by local splitting, we know that locally we have Sym(EY) ® 7 = . In
particular, we have ! @ &V = .#!. Thus the exactness of 0 — J! —
1 — &Y — 0 is obtained. Conversely we assume that after taking abelian
hull, the sequence is exact. Now the result follows from (a) and (c). O

Proposition 4.10. Let C — D be a smooth, surjective morphism of cones.
If we let E=C xpo X, then the sequence

0—-—F—=C—=D—=0

is exact. Conversely if 0 = E — C — D — 0 is exact, then E = C xpo X.

Proof. Let C = Spec, @, and D = Spec, @,5, 7"

Let E=CxpoX = S_pecX Sym &V, by Lemma@(d) we just need to
show that 0 — E — A(C) — A(D) — 0 is exact, that is, 0 = 71 — .71 —
&Y — 0 is exact by Lemma [£.9(a). Note that Symé&Y = . @4 (7 /72
which force &Y = .71/ 71 Well done.

Conversely, assume that the sequence 0 - F — C — D — 0 is exact
and F' = C xp o X. Then by the universal property of fibre product, we get
a morphism E — F. From the construction, it is easy to see that .#V — &V
surjective. Since they are both bundles of the same rank over X, we know
that £ = F. O

14



Definition 4.11. (a) If E is a vector bundle and f : E — C(%) a mor-
phism of abelian cones. The there is an E-action as E xx C(F) —
C(F) as (v,y) — fr+7.

(b) If E is a vector bundle and d : E — C a morphism of cones, we say
that C is an E-cone, if C is invariant under the action of E on A(C).

(¢) A morphism ¢ from an E-cone C to an F-cone D is a commutative

diagram of cones

E =, ¢

(d) If ¢ : (E,dg,C) — (F,dp,D) and ¢ : (E,dg,C) — (F,dp,D) are
morphisms, we call them homotopic, if there exists a morphism of
cones k : C — F, such that kdg =¥ — ¢ = dpk.

Lemma 4.12. Some useful lemmas:

(a) Let f : C — D be a smooth surjective cone morphism with E =
C xpo X, then C is an E-cone.

(b) Let 0 - E 5 C 5 p = [C/E] — 0 be a sequence of algebraic
X-spaces with E a bundle, C' is a E-cone, i a closed embedding and
f:C — D =[C/E] is the universal family. Then locally on X, there is
aj:C — E spliti and induces an isomorphism (f,j): C — D xx E.

(c) Let 0 - E 5 C Lpo 0 be a sequence of algebraic X -spaces with
sections and A'-actions such that E a bundle, C is a E-cone, i is a
closed embedding and f is Al-equivariant. Then D is a cone with the
sequence exact if and only if D = [C/E].

Proof. For (a), this follows from directly check. We omit it.

For (b), since the question is local we can assume that F is a trivial
bundle and X is a scheme. Let i’ : E'— A(C) and C = Spec, . and E =
Spec, Sym &Y. Then the surjection /! — &Y has a splitting 6 — 7,
which gives j' : A(C) — E such that j' o = idg. Then we just define
j : C — FE as composition with C — A(C) and j'. Hence joi =idg.

Now since C — D is also a principal E-bundle, and we have a E-
equivariant D-morphism (f,j): C — D @ E from C to the trivial principal
bundle. Since they are both E-principal bundle, we know that (f,j) is an
isomorphism.

For (c), let D = [C/E]. We know that D — X is affine since locally on
X we have C =2 D xx E — E is affine and (b) and faithfully flat descent.
By construction we have E = C' xp ¢ X, hence by Proposition we just
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need to show D is a cone. Now as D — X affine we have D = Spec_, 7.
If ¢ = Spec,. ., then  C . as C' — D is faithfully flat. Hence it has
graded structure 7 = @,~, .7 N as f is Al-equivariant. As it have zero
section, we have .7° = @x. Finally we have A'-equivariant embedding D <
[A(C)/E] and [A(C)/E] is a cone by Lemma [£.d(c). Hence .7 generated by
the coherent sheaf 7.

Conversely, we assume D is a cone and that sequence is exact. Let
D’ = [C/E]. By the universal property of quotient, we have a natural map
g: D — D. Since 0 » E — C — D' — 0 is also exact by the first case,
by exactness we have locally C = E xx D = E xx D’. Note that these
isomorphisms compatible with g : D’ — D, hence by faithfully flat descent
we have g is an isomorphism. O

Proposition 4.13. Let X be a DM-stack.

(a) Let E be a vector bundle. Consider the sequence of cone morphisms

05 ESC A D0 withia closed embedding. Then it is exact if
and only if C is a E-cone, ¢ : C' — D is faithfully flat and the diagram

ExC —2-C

lpr Jaﬁ
c—2 D

18 cartesian with projection p and action o.

(b) Let (C,0,7) and (D,0,7v) be algebraic X -spaces with sections and A'-
actions and let ¢ : C — D be an A'-equivariant X -morphism, which is
smooth and surjective. Let E = C xp o X. Assume that E is a vector
bundle. Then C is an E-cone (resp. abelian cone, vector bundle) over

X if and only if D is a cone (resp. abelian cone, vector bundle) over
X and C s affine over X.

Proof. For (a), if it is exact, locally we have C = E xx D. So E act on C
locally as Ex Exx D — E xx D given by (f, (e,d)) — (i(f)+e,d). So C is
a E-cone. Now ¢ : C' — D is trivially faithfully flat. The cartesian diagram
follows from Lemma (c)

Conversely, since ¢ is fppf, this diagram is also cocartesian by Proposition
V.1.3.1 in [Lil&] which force D = [C/E]. Hence the results follows from
Lemma [£.19(c).

For (b), let C is an E-cone over X. Then we have g : [C/E] — D. We
claim that g is an isomorphism. Indeed, by the diagram in (a), we know
that g induces an isomorphism ¢’ : E' xx C' = C x{¢/g C — C xp C. Note
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that we have a cartesian diagram:

CX[C/E]04> CxpC
[C/E] ——— [C/E] xp [C/E]

where CxpC — [C/E]x p[C/E] is faithfully flat, hence [C'/E] — [C/E] X p
[C/E] is an isomorphism. So g is a monomorphism. But since C — [C/E]
and C — D are faithfully flat, hence epimorphism. Thus g is also an epi-
morphism, hence an isomorphism. Thus D 2 [C/E] and the result follows
from Lemma [£.19(c).

Now assume that C = A(C) is an abelian cone, then taking hull to
0> E—C— D=][C/E] - 0. By Lemma [1.d(c)(d) we have A(D) =
[A(C)/E] =[C/E] = D. Hence D is also an abelian cone.

Finally assume that C' is a bundle. Then by the previous case we know
that D is an abelian cone. The ! = ker(#! — &V) is clearly locally
free since €' and & are where C' = MXY, D = Mxy and £ =
Spec, Sym &Y.

Conversely we let D is a cone and C' is affine over X. Hence we have
C = Spec, ¥ where .7 = @5, and /! = Ox. By the same reason E
is affine over X. Hence we have C' = Spec, .7 where F = @, Z' and
Fl=0x. Ifwelet D= Spec 7, then . = S NT=L7).

Apply the exact triangle of cotangent complex to X %o D, we have
an exact sequence

0*)91 4)5”21/(5”21)210)(/0%5}\/ = O*CQC/D‘)O

As 72 (7212 = 1 @ 722/(#21)?2) we have a commutative diagram
with exact rows and columns:

0 0
| |

0 Tt S Ft 0
- | |

0 —— T —— 721/(721)? &Y 0

J
P
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Locally on X we can assume that & is free and 7! @ &Y = 21 /(.721)2.
Then as Z! C &V, we know that #!. Since J! is also coherent, we know
that so is .. Finally we just need to show . generated by .#! as by
Lemma (a) here C' will be an E-cone.

Then locally on X we can choose generators of 71, . #!, &V /Fl = 722 /(721)2
such that gives a surjective Ox-algebra morphism ¢ : 7 ® Sym&Y — .
which induce J & Sym.Z! — 7 & Sym&Y — .7 is graded. Tensoring
(—) ®g Ox with ¢ we get surjection ¢’ : Sym &Y — %. This induce the
closed immersion E — SpecX Symé&V. Since they are both smooth of a
same relative dimension over X and @X Sym &V is a vector bundle, hence

E = Spec,, Sym &Y and ¢ is an isomorphism. Hence .# = Sym(%!) and

F1! is locally free. As Sym(.#!) C Sym&Y % F = Sym(#1) is identity,
this force &Y = .#!. As this can be check locally, we have &Y = Z! in
whole X. By the diagram above, we have .#=2/(#21)2? = &V /! = 0.
This means .¥ generated by .#!. Well done. O

Remark 4.14. In the original paper [BE97] they claim (a) is enough for
the surjectivity of f.

4.2 Cone Stack

Let X be a Deligne-Mumford stack.

Definition 4.15. Let € be an algebraic stack over X, together with a section
0:X — & An Al-action on (€,0) is given by a morphism of X -stacks
v : Al x € — € and three 2-isomorphisms 01,0y and 0., between the 1-
morphisms in the following diagrams.

(1,id)/(0,id)

¢ — 7 L Alxe
_6/00= "
id/0 /
¢
AlxAlxe — 0 alxe

lmxid %9” lv
1

A x¢ 5 ¢

The 2-isomorphisms 01,00 and 0., are required to satisfy certain compatibil-
1ties.

Definition 4.16. Let (€,0,v) and (D,0,v) be X-stacks with sections and
Al-actions. Then an A'-equivariant morphism ¢ : € — D is a triple (¢, 10, 1),

18



where ¢ : € = © is a morphism of algebraic X -stacks and 19 and n, are
2-isomorphisms between the morphisms in the following diagrams.

X<>\Q[¢

Al xe — X2 A1y

lv =" = lv
¢

Again, the 2-isomorphisms have to satisfy certain compatibilities.

Definition 4.17. Let (¢,70,7y) : € = D and (¢,n5,7,) : € = D be two
Al-equivariant morphisms. An A'-equivariant isomorphism ¢ : ¢ — ¥ is a
2-isomorphism ¢ : ¢ — ¥ such that the diagrams

0—2% $o0 poy ——— vo(id x @)
h lCoO l@v \bo(idx()
Yol Yoy ——— vo (id x ¢)

commute.

Example 4.18. Let C be a E-cone, then consider the quotient stack [C'/E].
We claim that [C/E) a zero section and an A'-action.

Indeed, the zero section 0 : X — [C/E] given by X < E — C. The
Al-action of « € AY(T) on (P, f) € [C/E)(T) defined by (aP,af) where
aP = P xE>E and af : P x5* E — C given by [p,v] — af(p) + d(v)
where d : E — C.

Moreover, if ¢ : (E,C) — (F, D) is a morphism of vector bundle cones
we get an induced A'-equivariant morphism ¢ : [C/E] — [D/F).

Lemma 4.19. Some useful results.

(a) A homotopy k : ¢ — 1 of two morphisms of vector bundle cones
¢, : (E,C) — (F,D) gives rise to an A'-equivariant 2-isomorphism
k ¢~> — 1[) of Al-equivariant morphisms of stacks with A'-action.

(b) Conversely, let two morphisms of vector bundle cones ¢, : (E,C) —
(F, D) with an A'-equivariant 2-isomorphism C : QNS — 121 of Al -equivariant
morphisms of stacks with A'-action. Then ¢ = k for unique homotopy

kip— .
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Proof. For (a), samilar to Proposition [£.29. For (b) TBC... O

Proposition 4.20. Let C be an E-cone and D an F-cone and let ¢ :
(E,C) — (F,D) be a morphism. If the diagram

is cartesian and F xx C — D by (u,v) — du + &(vy) is surjective, then
[C/E] — [D/F] is an isomorphism of algebraic X -stacks with A'-action.

Proof. For the same proof of Proposition . O

Definition 4.21. (a) We call an algebraic stack (€,0,v) over X with sec-
tion and A'-action a cone stack, if, étale locally on X, there exists a
cone C over X and an A'-equivariant morphism C — € that is smooth
and surjective and such that E = C X¢ 0 X is a vector bundle over X.

(b) The morphism C — € is called a local presentation of €. The section
0: X — € is called the vertex of €.

(c) Let € and D be cone stacks over X. A morphism of cone stacks ¢ :
¢ — D is an Al-equivariant morphism of algebraic X -stacks. A 2-
isomorphism of cone stacks is just an Al-equivariant 2-isomorphism.

(d) A cone stack € over X is called abelian cone stack (resp. vector bundle
stack), if, locally in X, one can find presentations C — €, where C is
an abelian cone (resp. vector bundle).

Remark 4.22. Some basic properties of cone stacks.

(a) If C — € is a global presentation with E = C x¢ o X, then C is an
E-cone with € = [C/E] as stacks with Al action. This follows from

Proposition |{.10 and - and Lemma .12

(b) If ¢ : € = D is a morphism of cone stacks, then, étale locally on X, ¢
is Al-equivariantly isomorphic to [C/E] — [D/F], where E — F is a
morphism of vector bundles over X and C — D is a morphism from
the E-cone C to the F-cone D.

(c) A 2-isomorphism of cone stacks ¢ : ¢ — 1, where ¢, : € — D, is
étale locally over X given by a homotopy of morphisms of vector bundle
cones. This follows from Lemma [f.19(b).

(d) Let C — € and D — D be two local presentation of a cone stack €
over X, then so is C x¢ D — €.
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Indeed, we only need to show that C x¢ D is a cone. Since C — € and
D — X are affine, we know that C x¢ D — D — X 1is also affine.
Then C x¢ D is a cone a by Proposition (b) and the result follows.

(e) Every fibered product of cone stacks is a cone stack.
(f) If € is a representable cone stack over X, then it is a cone.

Indeed, locally on X, € — X is Al-isomorphic to a cone. In particular,
as € — X is representable, it is affine. Then we assume that C =
Spec,, .. Since there is a non-trivial A'-action on C' and has a section,
we know that . is a graded algebra with #° = Ox. To show C is
a cone, we only need to show that .#! is coherent and ./ is locally
generated by #1. These are both local property, then they hold since
locally € — X is A'-isomorphic to a cone.

(9) If € is abelian (a vector bundle stack), then for every local presentation
C — € the cone C will be abelian (a vector bundle).

Example 4.23. Note that all cones are cone stacks and all morphisms of
cones are morphisms of cone stacks. For a vector bundle E on X, the
classifying stack BxE is a cone stack. FEvery homomorphism of vector
bundles ¢ : E — F gives rise to a morphism of cone stacks.

Proposition 4.24. FEvery cone stack is a closed subcone stack of an abelian
cone stack. There exists a universal such abelian cone stack. It is called the
abelian hull.

Proof. Just glue the stacks obtained from the abelian hulls of local presen-
tations. O

Definition 4.25. (a) Let € be a vector bundle stack and € — € a mor-
phism of cone stacks. We say that € is an E-cone stack, if € — €
is locally isomorphic (as a morphism of cone stacks) to the morphism
[Er/Eo] — [C/F] coming from a commutative diagram

Ey — F

L

E1*>C

where C is both E1- and F-cone. The natural action € xx € — €
induced by E1 x C — C.

(b) Let € — € — D be a sequence of morphisms of cone stacks where € is
an €-cone stack. If

(b1) € = D is a smooth epimorphism.
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(b2) The diagram
Exxy€ 25 ¢
L]
C— D
is cartesian where o is action and p is projection.
Then we call 0 - € — € — © — 0 is a short exact sequence of cone

stacks. As before, this is equivalent to € being locally isomorphic to
¢ Xx 9.

Proposition 4.26. The sequence 0 — ¢ — € — © — 0 of morphisms
of cone stacks is exact if and only if locally in X there exist commutative
diagrams

0 Ey F G 0
0 Ey c D 0

where the top row is a short exact sequence of vector bundles and the bottom
row is a short exact sequence of cones, such that € — € — D is isomorphic
to [Er/Eo] = [C/F] — [D/G].

Proof. The statement is local on X. To prove the only if part we can assume
¢ =€ xx D, and then it is trivial. To prove the if part, note that both short
exact sequences are locally split. O

4.3 A Picard Stack of Special Type
General Theory

First we will consider the case of complex of two terms.
Definition 4.27. Let X be a topos.

(a) Let d : E° — E' a homomorphism of abelian sheaves on X, which we
shall consider as a complex of abelian sheaves on X. Via d, the abelian
sheaf E° acts on E' and we may consider the quotient stack of this
action, denoted

HYJHO(E®) := [E'/E°]
which is a Picard stack over X.

(b) Now if d : FO — F' is another homomorphism of abelian sheaves on
X and ¢ : E®* — F* is a homomorphism of complezes, then we get an
induced morphism of Picard stacks

HY/HO(p) - HE/HO(E®) — HY JHO(F®)
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given by (P, f) — (P xE"9" FO_¢L(f)) where ¢'(f) is the map
O PP 5 B (pv] e 61 (f(p) + d(v)).

(¢) Now, if ¥ : E®* — F* is another homomorphism of complezes, then the
homotopy k : ¢ — 1 is a homomorphism of abelian sheaves k : E* —
FO, such that kd = ¥° — ¢° and dk = ' — ¢'.

Remark 4.28. Note that roughly speaking, a Picard stack is a stack together
with an ‘addition’ operation, that is both associative and commutative. For
the precise definition of Picard stack see Sect. 1.4 of Exposé XVIII in
JAGV73].

Here the quotient stack is similar as before: the groupoid H' /H°(E*)(U)
is the category of pairs (P, f), where P is an E°-torsor over U and f : P —
Ely is an E°-equivariant morphism of sheaves on U.

Proposition 4.29. As in the considtion of definition, if we have a homotopy
k: ¢ — 1, then this can induce isomorphism 6 : H' JHO(¢) — H/HO(¥) of
morphisms of Picard stacks from H*/H°(E®) to H'/H (F*®).

Proof. Pick object U € ob(X) and (P, f) € H'/H(E*)(U), then 0(U)(P, f) :
HY/HO () (U) (P, f) = HY/HO(Y)(U)(P, f) in H'/HO(F*)(U) is the isomor-
phism of F°|y-torsors

O(U)(P, f): P xE"%" FO 5 p xB"%° O
given by [p,v] — [p, kf(p) + v] such that the diagram of F°|y-sheaves
P xB%4° o
0w | ¢

S A —
W)

commutes. O

Proposition 4.30. Let ¢ : E* — F* is a homomorphism of complexes of
abelian sheaves in the topos X. If ¢ induces isomorphisms on kernels and
cokernels (i.e. if ¢ is a quasi-isomorphism), then

H/HO () - HYJHO(E®) — H/HO(F*)

s an isomorphism of Picard stacks over X.
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Proof. First let us treat the case that ¢ is a homotopy equivalence, that is,
there is a homotopy inverse of ¢ such that compositions are homotopic to
idge and idpe, respectively. By Proposition well done.

Next we assume ¢ is an epimorphism. In this case E! — [F'/F] is an
epimorphism, so we just need to prove the diagram

EOx pt 484

I |

E' —— [F'/F"

is cartesian as in this case this will be a cocartesian diagram! This quickly
reduces to proving that

E'xEY —— E!

l |

E'xF' —— F!
is cartesian, which, in turn, is equivalent to

11

FO — 5 F!

being cartesian, which is a consequence of the assumptions.

Finally in general case, let us note that a general ¢ factors as a homotopy
equivalence followed by an epimorphism, then well done. Indeed, consider
E* @ F°, which is homotopy equivalent to E®. Define a homomorphism
¢ E* @ FO — F* by ¥°(v, ) = ¢°(v) + p and ' (€, ) = ¢ (€) + p1. Then
@ is surjective and ¢ = 1) o i where i : E* — E*®* @ FY is the canonical
embedding. O

Now we consider the general case.

Definition 4.31. Let X be a topos and E® be a complex of abelian sheaves
on X, then we define

HYHO(E®) .= HY /MO (O E®).
Lemma 4.32. Let X be a ringed topos with structure sheaf of rings Ox .
(a) We can define H'/H°(E®) and homomorphisms can defined over D(Ox).
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(b) Let ¢,vp : E® — F* be two morphisms in D(Ox). Then, if for some
choice of H'/H(¢) and H'/HO(Y) we have HY /HO(¢) = H/HO ()
as morphisms of Picard stacks, then ¢ = ).

(¢) Consider the zero morphism 0(E,F) : HY/HO(E®) — HY/HO(F®).
Then Aut(0(E, F)) = Homp,  (E®, F*).

Proof. For (b)(c), see Sect. 1.4 of Exposé XVIII in [AGV73]. For (a), the
quasi-isomorphism induce an isomorphism of Picard stacks, see Proposition

4.30. O
Example 4.33. Consider E* an we focus on d° : E° — E'.

(1) If d° is a monomorphism, then H'/H°(E®) = coker(d°) is a sheaf.
(2) If d° is a epimorphism, then H'/H°(E®) = Bx ker(d") is a gerbe.

Application

Come back to our case, let X be a DM-stack over a field k, then consider the
big fppf topos Xppr and small étale topos Xs. Then we have the morphism
of topoi

v Xfppf — Xt

(a) Then we we can get Lv* : D™ (0%,) — D™ (0Ox,,). We may let

Mg ;= Lo*M* for any M* € D~ (0Ox,,).

(b) We also have R om(—,0x, ) : D~ (Ox,,) — D" (0%,,). We may
let M*Y :=RAom(M*, Ox,, ) for any M* € D~ (Ox,,,).

Remark 4.34. We will consider the stack Hl/H(](Mf;’p\g) forM®* € D~ (0x,,).
Note that in this case

HHO(Mpe) = HE/HO((77 7 Mg ) ).

Remark 4.35. For a complex E®, we define Z*(E®) = ker(E* — E*1) and
C'(E®) = coker(E*~! — EY).

Definition 4.36. We call an object L* € D(0Ox,,) satisfies Condition (*) if

(1) HY(L*) =0 for all i > 0.
(2) H'(L®) is coherent for all i =0, —1.

Here are some fundamental results:

Proposition 4.37. Let X be a DM-stack.
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(a) Let L* € D(Ox,) satisfy Condition (*). Then the X -stack Hl/HO(Lf'I;I\)/f)
s an abelian cone stack over X . Moreover, if L® is of perfect amplitude
contained in [—1,0], then H'/H°(Ls: V) is a vector bundle stack.

(b) If ¢ : E* — L* is a homomorphism in D(0x,), where E® and L*
satisfy (*), then we get an induced morphism of algebraic stacks

¢¥ H' /HO(L fppf) = M /HO( fppf)

Then ¢V is a morphism of abelian cone stacks. Moreover, H%(¢) is
surjective if and only if ¢V is representable.

(c) The morphism ¢V is a closed immersion if and only if H°(¢) is an iso-
morphism and H~'(p) is surjective. Moreover, ¢V is an isomorphism
if and only if H°(¢) and H~1(¢) are isomorphisms.

(d) Let E®* — F* — G* — E*[1] be a distinguished triangle in D(COx,),
where E* and F* satisfy (*) and G* is of perfect amplitude contained
n [—1,0]. Then the induced sequence

H /HO( fppf) - H /HO( fppf) —H /HO( fppf)
s a short exact sequence of abelian cone stacks over X.

Proof. For (a), as the claim is étale local, we may assume L*® consists of
free Ox-modules Wlth L* =0 for i > 0 and L° L~! have finite rank. Then
Lt'pr = v*L* and L f is taking dual of prpf component-wise. Hence we
have

HY/HO (L) = (21 (LY*) /LY
which is an abelian cone stack given by LV: — ZY(LV-*) = C’(C LL®).
When L*® is of perfect amplitude contained in [—1,0], then H!/H°(L fppf)

is a vector bundle stack since étale locally as above we have Z!(LY+®*) = LV-1,

For (b), the fact that ¢ is a morphism of abelian cone stacks is immediate
from the definition. The second question is étale local in X, so we may
assume that E® and L® are complexes of free @x-modules and that E? =
L? =0, for i > 0, and that L°, L™, E° and E~! are of finite rank. Consider
the commutative diagram

CA(B*)

B~ NL*) — L°
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of coherent sheaves with fiber product F. This force 0 — F — E° @
C~Y(L*) — L° exact. Then its easy to see that H°(¢) is surjective if and
only if 0 = F — E°@® C~1(L*) — L° — 0 exact. Hence taking duality we
get 0 — LV — EV-Oxx ZY(LV*) — C(F) — 0 exact. Then by Proposition
we get

(21 (LY*)/L"9) = [C(F)/E" ).

This force the following cartesians

C(F) —— ZY(EV*)
HLHO(LEYY —2 s HL/HO(ESY)

fppf fppf

hence ¢ is representable.

For the converse, note that ¢V : [Z1(LV:*)/LV°] — [ZY(EV-*)/EVY)
representable implies that [Z1(LY:*)/LY:9] = [W/EV-°]. Then we have the
commutative diagram:

Zl(LV”) X x L\/,O Zl(L\/,o)

! |

ZI(L\/,O) X x E\/,O w

| l

2LV ) ——— [W/EV)

such that the the whole diagram and the lower diagram are cartesians, then
this force the upper square is cartesian. So we get cartesians

L\/,O , Zl(LV’.) X x LV’O Zl(LV’.)
EV’O Zl(L\/,o) X x E\/,O W

Hence LV° = EV:0xy, ZL(LV:*) — EVO x x Z1(LV>*) is a closed immersion.
This implies that E° @& C~1(L®*) — LY is an epimorphism.

For (c), following the previous argument in (b), ¢V is a closed immersion
if and only if C(F) — Z'(EY+*) is. This is equivalent to C~}(E®) — F
being surjective. A simple diagram chase shows that this is equivalent to
H°(¢) is an isomorphism and H~1(¢) is surjective. The ‘moreover’ follows
similarly.
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For (d), the question is étale local, so assume that E* and F* are 0 for
i > 0 and vector bundles for i = 0, —1, and that G' = E*t! @ F?, that is,
G* = cone(E* — F'*). If we consider the small enough étale locally, we may
let G* = 0 for i < —2 as G* is of perfect amplitude contained in [—1,0]. Now
we have to prove that

0—[ZHGV*)/GVP) — [Z(FV*)/FY°] = [ZY(EY*)/EV°] = 0

is a short exact sequence of cone stacks. Now by directly check, we have the
exact sequence of sheaves

0—-CYE*) - CHF)®E"—= CG*) —0.
Hence consider

0—— CYE*) — C Y (F)®E" — C7Y(G*) —— 0

| | l

0 E° FOpFE' —  G'=F" —— 0
with exact rows. Finally by Proposition we get the result. O

4.4 About Normal Cones

Here we will consider some useful results about normal cones of DM-stacks.
Consider the commutative diagram of algebraic stacks

X sy
X =Y
with where ¢ and j are local immersions. Then there is a natural morphism

of cones over X’
a CX’/Y’ — Cx/y

If the diagram is cartesian, then « is a closed immersion. If, moreover, v is
flat, then « is an isomorphism.

Proposition 4.38. Consider a commutative diagram of DM-stacks

./
K2

X/ Y/

b
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where i and i’ are local immersions and f is smooth. Then the sequence of
morphisms of cones over X

(Z/)*TYI/Y — OX/Y/ — CX/Y
18 exact.

Proof. The question is local, so we can assume them are schemes and that
i’ and ¢ are immersions. This is then Example 4.2.6 in [Ful98|. O

Lemma 4.39. Let f : U — M be a local immersion of affine k-schemes of
finite type, where M is smooth over k. Then the normal cone Cyjpr — Ny v
is invariant under the action of f*Tyr on Ny n. In other words, Cy/ar is
an f*Tyr-cone.

Proof. Consider projections p; : M x M — M, we consider two diagrams:

U -2 < v—L M
\l’ Af lA
M M x M

The first one give us exact sequence of abelian cones on U:
0— f*TM £> NU/]\/IXM pi; NU/M —0

and the second one give us a homomorphism of abelian cones s : Ny —
Ny /nrxar which is a section of both p ..

Using (j1,p1,») we make the identification Ny prxar = f*Tr X Nuym
and p . is identified with the action of f*Th on Ny,p. Since the same
functorialities of normal sheaves used so far are enjoyed by normal cones, we
get that under the identification above the subcone Cy/prxnr C Nujnrxm
corresponds to f*T X Cy/pr and the action pa . @ f*T'ng X Nyar — Nyyu
restricts to pa . @ f*Tar X Cyynr — Cuynmr-

4.5 Intrinsic Normal Cone

Now let X be a Deligne-Mumford stack, locally of finite type over k. Now
we will construct the intrinsic normal cone and intrinsic normal sheaf of X
and their basic properties.

Definition 4.40. We denote the abelian cone stack
Ny = Hl/HO(( Bf,fppf)v)

and call it the intrinsic normal sheaf of X where L% € D=0(0y,) is the
cotangent complex which satisfies the condition (*).
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Definition 4.41. (a) A local embedding of X is a pair (U, M) with a
diagram X < U i) M where

(a1) U is an affine k-scheme of finite type;
(a2) i:U — X is an étale morphism;
(a8) M is a smooth affine k-scheme of finite type;
(a4) f:U — M is a local immersion.
(b) A morphism of local embeddings ¢ : (U',M') — (U, M) is a pair of
morphisms ¢y : U — U and ¢pr : M' — M such that
(b1) ¢y is an étale X -morphism;
(b2) ¢ar is smooth morphism such that

commutes.

Remark 4.42. If (U, M') and (U, M) are local embeddings of X, then
(U xx U, M' x M) is naturally a local embedding of X which we call the
product of local embeddings, even though it may not be the direct product in
the category of local embeddings of X.

Now we consider the local presentamon of 1ntr1n31c normal sheaf x.
Indeed, consider a local embedding X < U Iy M of X, then we have a
natural homomorphism

¢:L&|v = [£) 7% = £ Q]

in D=9(0y, ) where .# be the ideal correspond to f and [.#/.#% — f*Q},] €

D=1 (g, ). Moreover by Theorem B.1(c) we know that ¢ induces an
isomorphism on H~! and H°. By PrOpOblthH we get an induced iso-
morphism of cone stacks

In other words, Ny, is a local presentation of the abelian cone stack 91x.

Theorem 4.43. There exists a unique closed subcone stack €x — IMx such
that for every local embedding (U, M) of X we have Cx |y = [Cy pm/f*Tul,
that s, the diagram

Cu/m — Nuju

Cxly —— Nx|u
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Proof. It x : (U', M') — (U, M) is a morphism of local embeddings, we have
a commutative diagram

7/ 52 = O llor —— [ /(I7)? = (F)* Q]

in DSO(ﬁU&) because of the naturality of ¢ and thus induce the commutative
diagram

[Nujae /(F)* Tarr] —— [Nuyae/ F* Tl
@] {%{_
Nx v

in DSO(ﬁU&). In particular, ¥V is an isomorphism of cone stacks over U’.

Now by Lemma X induce a morphism from the ( f')*Tapr-cone Cyr g
to the f*Ty|yr-cone Cyplur. By Proposition .26 the pair (Cyjar —
Ny m)|ur is the quotient of (Cyv/ppr = Nyvjpr) by the action of (f")* T/ m
since the kernel of (f')*Thy — f*Tanlyr is (f')*Tar - This implies that
the isomorphism above

X"+ [Nuyaar /() Tarr] 2 [Ny ) £ Taal o

identifies the closed subcone stack [Cyr/n/(f')*Tar] with the closed sub-
cone stack [Cy/ar/f*Tar]|yr. This give us the unique closed subcone stack
Cx — Nx with the properties above. O

Definition 4.44. This unique closed subcone stack €x is called the intrinsic
normal cone of X.

Theorem 4.45. The intrinsic normal cone €x is of pure dimension zero
which abelian hull is the intrinsic normal sheaf Nx .

Proof. The second claim follows because the normal sheaf is the abelian hull
of the normal cone, for any local embedding.

To prove the claim about the dimension of €x, consider a local embedding
(U, M) of X, giving rise to the local presentation Cy;/ps of €x. Assume that
M is of pure dimension. We then have a cartesian diagram of U-stacks

Cum * f*Tnyy ——— Cyym
| |

Cuymy —— [Cuym/ T

31



Thus Cy/ar — [Cuyar/ f*Tar] is a smooth epimorphism of relative dimension
dim M. So since Cy/ps is of pure dimension dim M (see the comments on
the Definition R.1]), the stack [Cu/m/ f*Tar) has pure dimension dim M —
dim M = 0.Well done. O

Finally, we discuss some basic properties of them.
Proposition 4.46. Let X be a DM-stack.
(a) The following are equivalent.

(al) X is a local complete intersection.
(a2) Cx is a vector bundle stack.
(603) @X = mx.

If X is smooth, we have €x = Nx = Bx(Tx).
(b) We have Nxxy = Nx X Ny and Cxxy = Cx X Cy.

(c) Let f : X = Y be a local complete intersection morphism. Then we
have a natural short exact sequence of cone stacks

Nx )y = H /H (T )y) = €x = [*Cy.

Proof. (a) is trivial. (b) follows from the fact that if C' is an E-cone and D is
an F-cone, then C'x D is an E x F'-cone and there is a canonical isomorphism
of cone stacks [C/E] x [D/F] — [C x D/E x F].
For (c), by Theorem B.1|(c)(e) we have an exact triangle
Lf*]Ly —Lx — LX/Y — Lf*]Ly[l]

in D(0x,) and Ly is of perfect amplitude contained in [-1,0]. By Propo-
sition {£.37(d) we have a short exact sequence of abelian cone stacks

mx/y —- Ny — f*my
So the claim is local in X and we may assume that we have a diagram

X s M" —— M

N

Y — M

where the square is cartesian, the vertical maps are smooth, the horizontal
maps are local immersions, 7 is regular and M is smooth. Then we have a
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morphism of short exact sequences of cones on X

i*Typrpyy — Tl x —— Tulx

| l !

NX/M“ E— CX/M' e Cy/M|X

Hence by Proposition we get the result. O

4.6 About Obstruction Theories

Intrinsic Normal Sheaf as Obstruction

Let X be a DM-stack with intrinsic normal sheaf Mx. Let T < T be a
closed immersion with ideal # such that #?2 = 0. If we have g : T — X,
may we have the extension g : T"— X of g? What is the obstruction of this
deformation?

First, by Theorem @(e) we have a composition of canonical morphisms

Lg'L% - L} — IL'T/T.
Since Tz’lL;,/T
element w(g) € Ext'(g*L%, #). Then the basic deformation theory find
that an extension g : T — X of g exists if and only if w(g) = 0 and if w(g) = 0
the extensions form a torsor under Ext”(g*L%, #) = Hom(g*Qx, #).
Here we will use the intrinsic normal sheaf 91x to interpret this. Recall

the morphism as above

= _Z[1], this homomorphism may be considered as an

Lg'L% - L} — IL;,/T.

This induce a morphism

ob(g): C( 7) = Hl/HO(L'T’/VTyfppf) — H'/HO(Lg LYY ) = 9™ Nx

since 77 1LY, T = _Z[1] by Theorem B.1(c). Consider another morphism

0(9): C(7) T % g*Nx.

e Consider a sheaf .#som(ob(g),0(g)) of 2-isomorphisms of cone stacks
from ob(g) to 0(g), restricted to Tg.

e Denote the sheaf of extensions T — X of g by &xt(g,T) on Ty.
Proposition 4.47. There is a canonical isomorphism

o

Ext(g,T) = Fsom(ob(g),0(g))
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of sheaves on Ts. Hence in particular, extensions of g to T exist if and only
if ob(g) is Al-equivariantly isomorphic to 0(g).

Proof. Locally we can have an embedding ¢ : X < M where M is smooth
of ideal .#. Then by the formally-smoothness of M we have the lifting:

X M

T

T —— T —— Spec(k)

and such extensions is a Hom(g*i*Qys, # )-torsor. Now, any such h induce
h¥ 1 g*.7 /9% — #. By the local description before the Theorem .43,
ob(g) induced by

B Lg* () I = i*Qu) — [ — 0).
Now the torsor structure induce the following homotopy

0 —— g*I/)I? —— g*i*Qy —— 0
hﬁ’(ﬁ)nl //// Jhu’(,:b)u

L

0 7 0 0

of extensions hf, (h)*.

Now let g : T — X be an extension of g. Then easy to see that (iog)? = 0,
so that we get a homotopy from any local hf as above to 0, or in other words
a local Al-equivariant isomorphism from ob(g) to 0(g) by Proposition .
Since these local isomorphisms glue, we get the required map

Ext(g,T) — Fsom(ob(g),0(g)).

Now we consider the inverse. Let 6 : ob(g) — 0(g) be a 2-isomorphism
of cone stacks. By Lemma (a), 0 defines for every local h as above an

extension of At to Eﬁ 1 g*i*Qy — #. So we can get b’ : T — M such that

(h')f = 0 by the changing via homotopy 7*. So B factor through X and we
get B’ : T — X. Gluing them we get the inverse. O

Proposition 4.48. There is a canonical isomorphism
Aut(0(g)) = Hom(g*Qx, £)

of sheaves on Ti.
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Proof. Again similar as above, Lemma {.19(a) shows that the automor-
phisms of 0(g) are (locally) the homomorphisms from ¢*i*Qys to _# vanish-
ing on g*.# /.#2. The exact sequence

I I = i*Qy — Qx =0
give the result. O

Remark 4.49. This shows that the sheaf &xt(g,T) = .7 som(ob(g),0(g)) is
a formal 7 om(g*Qx, #)-torsor. Soifob(g) = 0(g), the set Hom(ob(g),0(g))
is a torsor under the group Hom(g*Qx, #).

Obstruction Theories
Here we consider more general setting.

Definition 4.50. Let X be a DM-stack and E* € D(Cx,,) satisfies condition
(*). Then a homomorphism ¢ : E®* — L% in D(COx,,) is called an obstruction
theory for X if H°(¢) is an isomorphism and H~*(¢) is surjective.

Now we will give some equivalent conditions of obstruction theory which
is connected to the obstruction of extensions as above.

Situation 1. Let X be a DM-stack and E* € D(0x,,) satisfies condition
(*) with a homomorphism ¢ : E® — L% in D(0x, ). Let € := Hl/HO(Ef'p’;?)
with induced morphism of cone stacks ¢V : Ny — €.

Let T < T be a closed immersion with ideal 7 such that #? = 0
with a morphism g : T — X. Then we can consider the obstruction class
w(g) € Ext'(¢g*L%, #) Define ¢*w(g) € Ext*(g*E®, #) be the pullback and
¢V (ob(g)) be the composition

C(7) ™ gy 8 gre
of cone stacks over T'. Moreover 0:C(_#) — T — g*€ is the vertes.

Theorem 4.51. Let X be a DM-stack and E®* € D(0Ox,,) satisfies condition
(*) with a homomorphism ¢ : E®* — L% in D(0x, ). Let € := Hl/HO(Ef'p’Iﬁ)
with induced morphism of cone stacks ¢V : Nx — €. Then the following are

equivalent.

(a) ¢: E® — L% is an obstruction theory for X.

(b) The induced ¢V : Nx — € is a closed immersion of cone stacks over X.
In this case we call ¥ (€x) C € the obstruction cone of the obstruction
theory for X where €x C Nx is the intrinsic normal cone.
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(¢) Consider any choice of Situation [1, then the obstruction P*w(g) €
Ext!(g*E*, ¥) vanishes if and only if an extension § of g to T ex-
ists; and if ¢*w(g) = 0, then the extensions form a torsor under
Ext’(g*E*, #) = Hom(g*HE®, 7).

(d) Consider any choice of Situation [1, then we have isomorphism

o

Ext(g,T) = Fsom(¢p’ob(g),0)
of sheaves on Tg.

Proof. Note that (1)<(2) follows from Proposition [.37(c). By the similar
proof as Proposition we know that (2)=(4). By Lemma [£3J(b) we
know that (4)=(3). So we just need to consider (3)=(1).

We show H(¢) is an isomorphism. Let X = Spec R as this is local. For
any R-algebra A and R-module M, let T := Spec A and T := Spec(A & M)

for the nilpotent extension. Easy to see that there is extension g : T" — X.
So we have a bijection

Hom(H®(L%) ® A, M) — Hom(H"(E®) ® A, M).

This implies easily that H"(¢) is an isomorphism.

We show H~1(¢) is surjective. As this is étale local and only depends
on 727'E*, we may assume X is an affine scheme, i : X — W a closed
embedding in a smooth affine scheme W, and let .# be the ideal of X in W.
Also E®* = [E~! — f*Qu] as a complex of coherent sheaves (see the proof
of Proposition [.37(b)). As in this case L)Z(_l =[5/7% = f*Qw], we claim
that E—1 — 7 /.72 is surjective.

Indeed, let M = Im(E~! — #/.#%). Let T = X and M’ C . be the
primage of M and let T C W defined by M’. So we can extend g = idx to
the inclusiong: T — W. Let 7 : .# /% — . /M’ be the natural projection.
By assumption 7 factors via E° if and only if ¢ extends to a map T — X, if
and only if m o ¢! factors via E°. As 7o ¢! is the zero map, it certainly
factors. Therefore 7 also factors via E°. Consider now the commutative
diagram with exact rows

B E° HO(E®) — 0
b T
I)I? —— E° —— HY(E®) —— 0

By an easy diagram chasing argument, the fact that 7 factors via E° together
with 7o ¢~! = 0 implies 7 = 0, hence well done. O

Remark 4.52. See more things about the obstruction ofsmall extensions we
refer the final part of Section 4 in [BF97].
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4.7 Vistoli’s Rational Equivalence

Before starting the theory of virtual class, we need some results of Vistoli.
We will follows something in [Vis89]. Recall that the Chow groups as we
consider are all Q-coefficients.

Definition 4.53. Let X be a stack.

(a) The group Zi(X) of cycles of dimension k is generated by all integral
closed substacks of dimension k. And Z,(X) := @, Zr(X).

(b) The group of rational equivalences on X is
Wi(X) =P K(G)*, Wu(X):=Wi(X)
G k

where the direct sum is taken over all integral substacks G of X of
dimension k + 1.

(c) If X is a scheme, there is a canonical homorphism
Ox : W(X) = Z.(X).
This is commute with proper pushforward and flat pullback.

Remark 4.54. Note that when X be a DM-stack, we can restricting Z, and
W, to the étale site of X, we get two sheaves %, and W, on X. As Z, and
W, commute with proper pushforward and flat pullback, 0 : W. — Z. is a
morphism of sheaves, so we get a homomorphism Ox : W, (X) — Z.(X). So
CH.(X) := coker(dx) ® Q.

Remark 4.55. Because these groups are defined in terms of closed substacks,
it is immediate that the Chow groups are non-zero only in dimensions between
zero and the dimension of the stack.

Note that the last condition would not be possible if one required a theory
with Z-coefficients satisfying the hypothesis that flat pullback to a wvector
bundle gave isomorphisms in Chow groups.

Recall that we consider again the cartesian diagram of algebraic stacks
X sy

X%Y
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with ¢ and j are local immersions and v is a regular local immersion and Y
is smooth of constant dimension. Then this induce the cartesians

Ny )y xy Cx;y —— u"Cx)y — Cx)y

I

J* Ny )y X' v X
14 7 v
Ny jy Y Y

Theorem 4.56 (Vistoli). Consider the above situation, if Y is a scheme,
then there is a canonical rational equivalence B(Y',X) € W,(Ny: )y Xy
Cxy) such that

IB(Y'", X) = [Cuscy )y j0x v ] = [P Cxrpyr]-
Proof. See Lemma 4.6 in [Vis89). O
Corollary 4.57. In this case we have v'[Cx jy] = [Cx//y/] € CH. (u*Cxy).

Proof. Let 0 : w*C — N Xy C be the zero section, then by definition of
refined Gysin pullback

0*[OU*CX/Y/CX/Y} = UI[C} € CH*(U*CX/Y)

Moreover
K[ % PR
0 [p CX’/Y’] =0 P [CX//YI] = CX’/Y/-
By Theorem we get v'[C] = [Cx//y/] € CH.(u*Cx y). O

But now we need to consider the Vistoli rational equivalence at the level
of stacks. So we need some base-change result about this:

Proposition 4.58. Vistoli’s rational equivalence commutes with any smooth
base change ¢ : Y1 — Y.

Proof. If ¢ is étale, this is Lemma 4.6(ii) in [Vis89]. Vistoli’s proof is based
on the fact that the following commute with étale base change: blowing up
a scheme along a closed subscheme; normalization; order of a Cartier divisor
along an irreducible Weil divisor on a reduced, equidimensional scheme. But
all these operations do in fact commute with smooth base change. Hence
well done. O

Corollary 4.59. We have Vistoli’s rational equivalence 3(Y', X) € W,(Ny:/y Xy

Cx y) for any algebraic stacks. Moreover, if Y is a DM-stack, then v Cxy] =
[CX//Y’] € CH, (U*CX/y) holds.
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Proof. Follows directly from the previous Proposition. O

Now we again consider the general case. We assume ¢ : X — Y can

factor as X — Y 5 Y where i is another local immersion and = is of
relative Deligne-Mumford type (i.e. has unramified diagonal) and is smooth
of constant fiber dimension.
Then the previous diagram can be fused into a large diagram of carte-
sians:
NY’/Y Xy CX/{/ — U*CX/{’ — CX/Y’

| | J»

Ny )y xy Cx;y — u"Cx)y — Cx)y

J* Ny )y X’ L X

|

7T* Y’/Y p }I, v Y

N L Y’ v Y
Y'Y

Hence by Proposition «: CX/{, —Cxy isa T{,/Y Xy Cx y-bundle.

Proposition 4.60. We have o*(8(Y', X)) = B(Y',X) € W (Ny )y Xy
OX/Y)'

Proof. In the compatibilities of 3 proved in [Vis89]| we reduce to the case that
Y = A{. Then one checks that Vistoli’s construction in the case directly. [

Proposition 4.61. Back to the original diagram, assume that Y is of
Deligne-Mumford type. Vistoli’s rational equivalence B(Y', X') € W.(Nyy Xy
C’X/Y) is invariant under the natural action of j* Ny ;y Xy Ty on Ny )y Xy
Cx)y-

Proof. The vector bundle i*Ty acts on the X-cone Cx,y by Lemma [.39.
Pulling back from X to j* Ny /y gives the natural action of j* Ny v Xy Ty
on Ny:y Xy Cxy. Using the construction of the proof of Lemma the

claim follows from Proposition applied to Y =Y x Y and i = Ao :
X—=>YxY. O
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4.8 Virtual Fundamental Classes

Definition 4.62. Let X be a DM-stack and an obstruction theory ¢ : E® —
L% in D(Ox,) for X. We say ¢ is a perfect obstruction theory if E® is of
perfect amplitude contained in [—1,0].

We will construct the virtual fundamental class associated to a perfect
obstruction theory. But before that, we will discuss a toy version which is a
local model of the general theory.

Local Model, an Intuition

Consider Y be a smooth variety of dimension d with a vector bundle F =
Specy Sym &Y over it of rank r. Let s: Y — E be asectionand 0:Y — E
be the zero section, then we cnsider the zero locus of s as:

X=2(s) —> Y

Lo

y — % +F

Note that X = Z(s) defined by the ideal .# :=Im(s" : &Y — Oy).

Now the most nice condition is that when s is a regular section, then
dimZ(s) = d — r. But in general this might not be true! So we define
d'"(X) = d — r to be the virtual dimension of X.

Moreover, we define the virtual fundamental class of X is

(XY = c100(E, 5) := 0([Y]) = 0"(Cz(s)/y) € CHaur(x)(X)

which is the localized (top) Chern class of E with respect to s.
In this case the perfect obstruction theory is

E* : g\/|X —_— Qy|X
lsle iid
]L)E(_l: f/fQLQy*b(

Remark 4.63. Any perfect obstruction theory on a DM-stack is locally of
this form. See the Remark 1.7 in |Tod21].
Consider a perfect obstruction theory ¢ : E®* — L% in D(Ox,) for X.
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Locally, we embed X into a smooth scheme M with defining ideal .

cone(p) = &V[1]

L.

E* ————— 727 L% —— cone(¢) = P[2] —— E*[1]

o

Here & locally free. Moreover wecan represent the morphism ¢ as a morphism
of complezes from [V — Qy|x] to [F).I? — Qy|x]|. Then extend & to a
vector bundle F on'Y and use the surjection & — &/ 92 and projectivity
of &Y to lift it to FV — F. This defines a section of F cutting out X C Y.

Remark 4.64. This also shows why we consider intrinsic normal cone and
the obstruction theory. We need a global version of the previous case.

General Construction

In the global version of a DM-stack X, fix a perfect obstruction theory
¢ E* — LS. We want to intersect the intrinsic normal cone €x with the
vertex of H!/ HO(Ef;’I;;) to get the virtual fundamental class [X ](V;r Here we
begin our story.

Remark 4.65. Actually by the general theory of the intersection theory of
general algebraic stacks had been developed in [Kre99] after our |BF97], so
we can define [X]}" = 0*[Cx] as the local case. But there we will follows the
original method in [BF97] instead of this by assume we have global resolution.

Definition 4.66. Let a DM-stack X and a perfect obstruction theory ¢ :
E* — LS. We define the virtual dimension of X with respect to the ¢ is

d;’ﬁi"(X) :=rank(E*®) = dim E° — dim E~!
if locally E® is written as a complex of vector bundles [E~1 — EY].

Definition 4.67. Let F* = [F~! — FY be a homomorphism of vector
bundles on X considered as a complex of Ox-modules concentrated in degrees
—1 and 0. An isomorphism F* — E*® in D(0x,,) is called a global resolution
of E°.
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Note also that the intersection theory in [Vis89] holds when we consider
the rational coefficient Chow group with there is a scheme F' and a proper
surjective morphism F — X. In our case, if X — Speck is separaed, then
this condition holds, see Theorem 4.12 in [DM6Y].

So in this whole section we will assume X to be a separated DM-stack
locally of finite type over a field k.

Definition 4.68. In this condition, consider a perfect obstruction theory ¢ :
E* — L% and admits a global resolution F* — E® with F* = [F~! — FY].
Then HY/HO(ES") = [F~YY/F%Y]. Consider the cartesian

fppf
C(F.) F*l,\/
| |
Cx ——— H'/HO(Egyp) = [F~HY/FOY)

Then define virtual fundamental class of X associated to the perfect obstruction
theory ¢ is:
vir ! .
XJ = 0/(C(F*)) € CHyp ) (X)a

where 0 : X — F~5Y be the zero section with refined Gysin pullback 0"

Proposition 4.69. The virtual fundamental class [XD;T of X associated to
the perfect obstruction theory ¢ is independent of the global resolution F'*®
used to construct it.

Proof. Give another global resolution H®*. WLOG assume that H* — E°
and F'* — E* are given by morphisms of complexes. Then we get an induced
homomorphism H? @ FY — E°. Consider cartesian diagram

K—l HO o) FO
E!' — 5 E°
Let K = H° @ F° and hence we get another global resolution K®. So we

just need to consider F'®* and K*°.
Now K1V — E~LV is an epimorphism. Consider cartesians

X %5 O(K*) —— C(F*) ——— €x
X O K7WV 2y oY OB
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Now « is smooth surjective, the virtual fundamental class using F'® is equal
to

(@0 0)'[C(F*)] = 0'a/[C(F*)] = 0'[C(K*)]
which is also the virtual fundamental class using K°. O

Remark 4.70 (Virtual Structure Sheaf). Let a perfect obstruction theory
¢:E* —LS%. Let € := HI/HO(Ef'p’:f) be the abelian cone stack.

Consider the presentation € = [E~LV/E%V], then €x < € induce a
subcone C C E~1V. We then set

(03] =100 @, , Ox] =D (~1)[Tor!* ™" (60, 0x)) € Ko(X)

i>0

which is called the virtual structure sheaf of X relative to the perfect obstruction
theory ¢.

Now assume that there is a Chern character ¢ : Ko(X) — CH.(X)g and
E* admits a global resolution, then we can define the virtual fundamental
class as:

[X]5" = td(E®) N e([0X]) € CHyanx) (X

These two constructions agree when they are both possible.

Some Examples

Example 4.71 (Trivial Obstructions). Let L is of perfect amplitude con-
tained in [—1,0] (such as X is a complete intersection) then L% itself is a
perfect obstruction theory. Any embedding of X into a smooth DM-stack
gives rise to a global resolution of L% . The virtual fundamental class [X]|'"
thus obtained is equal to [X], the ‘usual’ fundamental class.

Example 4.72 (No Obstructions). If E® is perfect, H*(E®) is locally free
and HY(E®) = 0, then X is smooth and dd, (X) = dim X and the virtual
fundamental class [X] = [X], the usual fundamental class.

Example 4.73 (Locally Free Obstructions). If X is smooth, E® is perfect
and HY(E*V) is locally free, then dyh (X) = rank(H'(E*Y)) and the virtual
fundamental class

(XT3 = Coank(arr (o)) (H' (E*Y)) N [X].

Example 4.74 (Products). Consider two perfect obstruction theories ¢ :
E* = L% and o : F* — L3.. Then L%,y = L% HLS,, then we have also
a perfect obstruction theory ¢ By : E*HB F* — L%, y. If both E*, F* have
global resolutions, then so is E* B F*. By Proposition [f.4@4(b) we have

X % V]S = XIS % VI € CHgs (x4 (X x V).
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Pullback of Virtual Fundamental Class

We will show the pullback formula via local complete intersection morphism
for now as in [BF97]. For the general case, we refer [Man12].
Cnosider a cartesian diagram of DM-stacks

X = X
L
Yy =Y
where v is a local complete intersection morphism. Let ® : E* — L% and

¥ : F* — L%, be two perfect obstruction theories.

Definition 4.75. A compatibility datum (relative to v) for E® and F* is
a triple (¢,1,x) of morphisms in D(Ox,) giving rise to a morphism of
distinguished triangles

U*E. ¢ F. w g*LY’/Y % U*E.[l]

I l |

wLY L. Ly — uL[1]

Given a compatibility datum, we call E® and F'* compatible (over v).

Assume that E® and F'* are endowed with such a compatibility datum.
Then we get (Proposition [£.379(d)) a short exact sequence of vector bundle
stacks

* * . o, b« * o,
9Ny yy = g H HUTY jy ) = 8 = H/HO(FL) = w € = w*H /HO(ES ).
Lemma 4.76. If Y and Y' are smooth and v a regular local immersion,
then Ny )y = Ny ,y is the normal bundle and we denote N := g* Ny y.
Then there is a (canonical) rational equivalence B(Y', X) € W, (N X §) such
that

8ﬁ(Y’,X) = [QS*CU*@X/CX] — [N X @X/].

Proof. Let X — M be a local embedding, where M is smooth. We get an
induced cartesian diagrams

Nxx Cxjyxu — W' Cxjyxm — Cxjyxm

| | !

N X' u X
| dl |
Ny jy x M — 52— V' x M —>— Y x M

44



Now we have Vistoli’s rational equivalence S(Y’' x M,X) € W,(N xx
Cx /v xm) such that

aﬁ(yl x M, X) = [CU*CX/YXM/CX/YXI\/I] — [N x CX'/Y’XM]‘

By Proposition , B(Y' x M, X) is invariant under the action of N x
uw*i*Ty s pr on N X x Cx jy xar- Hence in particular, 3(Y' x M, X) is invariant

under the subsheaf N x j*Ty pr and thus descends to N x[u*Cx jy /Ty xm] =
N X § X¢ €x which is a closed subcone stack of §. So pushing forward via

this closed immersion, we get a rational equivalence on N x § which we
denote it by (Y, X). Now we have

8/B(Y/’X) = [¢*Cu*¢x/€x] - [N X Q:X']
as we need. By Proposition , we can glue them up and well done. O
Theorem 4.77 (Pullback). Let E® and F* be compatible perfect obstruction

theories, as above. If E® and F* have global resolutions then
X = X
holds in the following cases:

(1) v is smooth.
(2) Y andY are smooth.

Proof. First note that one may choose global resolutions [Eq — Ei] of E*Y
and [Fy — Fi] of F*V together with a pair of epimorphisms ¢g : Fy —
u*Ey and ¢1 : F; — u*E; with kernels G; such that the following diagram
commute:

0 Go Fy —2% wEy —— 0
I
0 e F =5 uwE ——0

The induced short exact sequence of vector bundle stacks
[Gl/Go} — [Fl/Fo] — [U*El/u*E()]

is isomorphic to g*‘ﬁy//y — 3§ > u*€¢. Let C7 := €x X¢ £ and Dy :=
¢xs x5 Fy and by definition we have [X]{, = 0%, [C1] and [X'T{% = 0, [D4].

For case (1), let v is smooth. Then by Proposition [1.46(c) we get the
cartesian of the left following diagram:

Cx — u"Cx D, r*> u*Cy
| | |
3’ — u*e F1 E— ’LL*El
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which imply the right one is also cartesian. This shows 0.. [u*Ci] =
0, [D1]. Hence
V' [X]5 = 00, [C1] = 04, [u* C1] = O, [D1] = [X']3%.

Well done.

Now we consider case (2) where Y/ and Y are smooth. First we claim
this is true for the case where v is a regular local immersion. Indeed, in this
case we may choose Fj as the fibered product

F1 —_— U*El
F—— u'e
Now lifting the rational equivalence in Lemma to N x Fy we get [N x
D] = ¢*[Cy-c, /e, ]- Hence we have
[X']F% = 0, [D1] = Oy, [N X D1] = Oy, 6" [Cur 1]
= O 1, [Cur 0 /0] = Oy p, 0 [C1] = 0'0g, [C1] = o'[X T
Well done. Now we back to the general case.

In the general case factor v as v : Y’ %y xy & Y. Since Y’ is
smooth it has a canonical obstruction theory 2y and an obstruction theory
on Y’ x X is Qy, B E®. Then combine the previous two cases and the fact
that these obstruction theories are trivially compactible, well done. O

Remark 4.78. See the relative version of this theory in Section 7 of [BF97]
and we will not consider them here.

4.9 Examples
Basic Case of Gysin Pullback

Example 4.79 (Basic Case of Gysin Pullback). Consider a cartesian dia-
gram of schemes

X2V
o
Y > W
that V. and W are smooth and that i is a regular embedding.
Consider compler E* € DIZ1O(X) be the composition

9Ny jw = g Qw = 7 Qw — 57y
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Then the morphism ¢ : E®* — L% defined by g*Ly, — L% and j*Ly, — L%.
This defines a perfect obstruction theory for X.

Now in this case we have cartesian

CX/V — Q*NY/W
Cx —— HYHUER ) —— (9" Ny w /i Tv]

and hence ‘
(XT3 =0"[Cx,v] = iV

be the refined Gysin pullback! This is also work if we consider DM-stacks.
An application of this:

Example 4.80 (Fibres of Morphism Between Smooth Stacks). Let f : V —
W be a morphism of algebraic stacks. We shall assume that V and W are
smooth over algebraically closed k and that f has unramified diagonal, so
that V is a relative Deligne-Mumford stack over W. Let w : Speck — W be
a k-valued point of W and let X be the fiber of f over w.

Now we define an obstruction theory. Consider smooth cover W — W
with fiber product V which is a smooth DM-stack:

l

Then using the previous example and well done. This is a straightforward
verification to check that the obstruction theory so defined does not depend
on the choices of coverings.

i

Speck —— W ——

— <
1

Moduli Stacks of Projective Varieties
Let M and X be Deligne-Mumford stacks.

Definition 4.81. A morphism f: M — X is called a relatively Gorenstein
morphism if f has constant relative dimension and that the relative dualizing
complex wh/x = wyr/x [~ dim M — dim X] for some invertible sheaf wy)x .

Example 4.82 (Moduli Stacks of Projective Varieties). Let X be a moduli
(sub-)stack of some flat, relatively Gorenstein projective morphism families
which is a DM-stack. Let M be its universal family.
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Lemma 4.83. Consider p: M — X, then for any cartesian

N -2 Mm

b
71 ,x

Then for any F* € Dg,(M) and G* € DZ(’QCOh(X) we have
Exth (Lg"F*, " G*) = Exth (Lf* (Rp, (F* &% w}y ), G*).
Proof. From flat base-change and Grothenieck duality directly. O

Now we define E* := Rp. (L3, x ®" w}, x)[~1]. The distinguished tri-
angle of cotangent complexes induce L3, — p*L% [1] (the derived Kodaira-
Spencer map) which induce ¢ : E®* — L.

Proposition 4.84. In this case, ¢ : E* — L% 14s an obstruction theory.
If moreover p is smooth of relative dimension < 2, then it is a perfect
obstruction theory.

Proof. The fact that M is a universal family and X is DM-stack implies
that the fibers of p have finite and reduced automorphism group, hence E*®
satisfies (*).
Next, let T be a scheme, f : T — X a morphism, and consider the

cartesian

N2 M

[P

T x
If T — T is a square zero extension with ideal sheaf ¢, the obstruction to
extending N to a flat family over T lies in Ext? (L% /T q* 7), and the ex-

tensions, if they exist, are a torsor under Ext' (L%, 720" ) (see Tag 08V5).
The map ¢ : E* — L% induces morphisms

o1, Exth  (LfLY, 7) — Bxth YL E*, #) = Exth (LY 7. 0" %)

by Lemma . The universality of M means that extending N to a family
over T is equivalent to extending f to a morphism to X defined on T'. Hence
by Theorem [£51], ¢ is an obstruction theory for X. The final statement is
trivial. U

48


https://stacks.math.columbia.edu/tag/08V5

5 About Atiyah-Bott Localization Formula

The original paper is [AB84]. The basic theory of equivariant cohomology
we refer Section 2 of [[AB84] or Chapter 7 in [Ric22].
Here WLOG we consider the homology/cohomology groups of Q-coefficients.

5.1 Approximation Spaces

Let us now assume that X is a space and G is a Lie group. The fact that
the spaces involved, like EG and BG, are infinite-dimensional, is not quite
an obstacle to the computation of the equivariant cohomology groups. This
is the case because of the following “approximation” result.

Theorem 5.1 (Approximation). Let (En,)m>0 be a family of connected

spaces on which G acts freely on the right. Let k : Z>o — Z>¢ be a function

such that mi(Ey) = 0 for 0 < i < k(m) and such that lim k(m) = oo.
m—0o0

Then, for any left G-action on a space X, there are natural isomorphisms
HL(X) = HY(E,, x° X), fori<k(m).
Proof. Here we give a sketch. Consider the following:

E,xX+—EGxE, xX —EGxX

l | |

E.xX «+— (EGx E,,) x X —— EG x¢ X

where the vertical maps are the (free) quotient maps, and the horizontal
maps are locally trivial fibre bundles with fibre indicated on top of the cor-
responding arrow. As a consequence of the Leray-Hirsch Lemma, since k(m)
goes to infinity as m grows, we can apply it to k(m) directly, showing that
for all ¢ < k(m) we have isomorphisms

HYE,, x¢ X) = H((EG x E,,) x¢ X) = H(EG x¢ X) = H,(X).
Well done. O

Remark 5.2. In the smooth category, if G is a compact Lie group, then
EG — BG is a colimit of smooth principal G-bundles E,, — B, where E,
is m-connected.

5.2 Equivariant Pullback and Chern Classes

Here and the next small section we will introduce some functorial things in
the category of equivariant objects.
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Definition 5.3 (Equivariant Pullback). Let G be a group acting on X and
H a group acting on'Y. Suppose there are maps ¢ : G - H and f : X - Y
such that f(gz) = ¢(g)f(z), then induce EG x¢ X — EH x® Y which
induce the equivariant pullback:

F o HL(Y) = HY(BH x7 V) - H*(EG x% X) = H;(X).

Definition 5.4 (Equivariant Chern Classes). Consider a G-equivariant vec-
tor bundle m : E — X, then this induce a now vector bundle Vg :=
EG x% E — EG x% X of the same rank as E. Then the equivariant Chern
classes of E — X are the characteristic classes

cG(E) =1¢i(Vg) € Hé’(X)

(2

Moreover, the equivariant Euler class of E — X s the characteristic class
e%(E) = ¢ (B) = ciop(Vi) € Hg P (X).

Remark 5.5. These classes can clearly be computed through approrimation
spaces. Indeed, the vector bundle Vg — EG x X can be approzimated by
vector bundles

Vem = Em x®E = E, x¢X

and ¢;(Vg,m) € H*(E,, x¢ X) = HZ(X) for m > 0.

5.3 Equivariant Pushforward

Now we consider G be a compact Lie group. Let f : X — Y be a G-
equivariant map of compact manifolds. Set dim X = n,dimY = m and
d=m—n.

Definition 5.6 (Equivariant Pushforward). Fiz a directed system of prin-
cipal G-bundles {El — B;}i>0 whose _limit recovers the classifying space
EG — BG. Let X¢, :=E; xG X and Y4 = E; xCY, then

HE(X) = HP(XE) and HE(Y) = HP(YE),  forp <i.

Now let dim B; = ¢;, then dimXé =n+/4; and dim Yci: =m+¥{;. Then for
p < i we define

G,p )
HE(X) = HY(X) =5 HEFU(Y) = HP+(VE)

lPD,% v (PD)’I,%T

) fi )
Hér&-n—p(Xé;) B — H&-ﬁ-n—p(yé)

50



This yields a system of maps which compatible with the structure of inverse
system:

SO HE(X) 5 HE(Y),  f€ HE(X) — HEH(Y)

which is the equivariant pushforward.

5.4 Torus Fixed Loci

Here we give something about fixed locus in the algebraic settings. The
classical topological setting is more easier.

Definition 5.7 (Fixed Locus). Let X be a scheme over a field k with an
action of an affine algebraic group G, we define the fixed locus is

X% := Hom“(Speck, X) : Sch/k — Sets,
the set of G-equivariant maps from S to X where S with trivial action.

Before we consider the geometric properties of X&, we need an important
lemma:

Lemma 5.8. Let X be an algebraic space locally of finite type over an
algebraically closed field k with affine diagonal. Suppose that X has an action
of an affine algebraic group G. If x € X (k) has linearly reductive stabilizer,
then there exists a G-equivariant étale neighborhood (Spec A,u) — (X, z)
inducing an isomorphism of stabilizer groups at u.

If G is a torus, then every point has a G-invariant étale neighborhood
(Spec A, u) — (X, x) inducing an isomorphism of stabilizer groups at u.

Proof. By J. Alper’s theory (see the book [[Alp24]) of the local structure of al-
gebraic stacks, there is an étale neighborhood ([Spec 4/G,],u) — ([X/G], x)
such that w is a closed point and f induces an isomorphism of stabilizer
groups at w and such that [Spec A/G;] — [X/G] — BG is affine. There-
fore, W := [Spec A/G.] X|x/q) X is an affine scheme and W — X is a
G-equivariant étale neighborhood of x. When G is a torus, then any sub-
group of G and in particular each stabilizer group is linearly reductive. [

Theorem 5.9. Let X be a scheme of finite type over an algebraically closed
field k with affine diagonal and with an action of a linearly reductive algebraic
group G.

(a) The fized locus X is represented by a subscheme of X.

(b) If G is a torus, then X¢ C X be a closed subscheme.

(c) If X is smooth, so is X©.
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Proof. If G is connected and U — X is a G-equivariant étale morphism, we
claim that X¢ xx U = U%. Indeed, suppose S — U is a map such that
S — U — X is G-invariant. Let Ug — S be the base change of U — X
by S — X. Since Ug — S is G-equivariant, it suffices to show that the
section j : S — Ug is G-invariant. As U — X is étale, j : S — Ug is an
open immersion. Because GG is connected, for each point s € S, the G-orbit
Gj(s) C Ug is connected and thus contained in S.

For (a), given a fixed point z € X%(k), Lemma p.§ produces a G-
equivariant étale neighborhood (U, u) — (X, z) with U affine and u € U (k).
If G is connected, then U® — X© is étale and representable by the previ-
ous argument. Thus it suffices to show that U® is representable. Since
U is affine, we can choose a G-equivariant embedding U — A(V) into a
finite dimensional G-representation. In this case, A(V)¢ = A(V®) and
thus UY = U N A(V)% is representable. In general, let Gy C G be the
connected component of the identity, and let g1, ..., g, € G(k) be represen-
tatives of the finitely many cosets G(k)/Go(k). Then G/Go acts on X %o
and X¢ = (N,(X“°)%, where (X©°)% is identified with the fiber product
of the diagonal X¢ — X¢ x X and the map X¢ — X% x X given by
x — (z,gx).

For (b), every subgroup of G is linearly reductive and Lemma @ there-
fore produces a G-equivariant étale surjective morphism U — X from an
affine scheme. As G is connected, the argument above shows that U C U
is a closed immersion and thus by étale descent so is X¢ C X.

For (c), if * € X% (k), there is a G-equivariant étale morphism (U, u) —
(X, ) from an affine scheme and a G-invariant étale morphism U — Ty,
via Luna map. Since Tgu is a linear subspace, it is smooth. Since U — X€

and UY — Tg’: ., are étale at u, the statement follows from étale descent. [

Remark 5.10. So this theorem is right for algebraic spaces. Note also that
we have the Biatynicki-Birula stratification for the more results of G, -action
(see Theorem 6.7.13 in [Alp24]).

5.5 The Localization Formula

Consider a compact Lie group G and T C G be a maximal torus. The case
G =T is the most important case, essentially by the following proposition:

Proposition 5.11. Let W = N(T)/Z(T) = N(T)/T be the Weyl group.
Then
HE(X) = Hiy(X)"

where H:(X)W is the W-invariant elements of the equivariant cohomology.

So we focus on the torus T and we need a key lemma.
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Lemma 5.12. If there is a T-equivariant map V. — T/K for a closed
subgroup K C T, then

supp(Hr (V) C tc
where tc be the complexification of the Lie algebra of K and we view HA:(V)

as HE-module. Note that since Hi = Cluy, ..., us] the supports of Hf-modules
lying over the affine space Spec Hi = {¢.

Proof. The morphism V' — T/K — {pt} induce Hy — H#(T/K) — H:(V).
Now

Hi(T/K) = H*(ET x" T/K) = H*(ET/K) = H*(BK) = Hj; = Hj,.
So Hy — Hy(V) factor through Hj ~and hence supp(Hy(V)) C tc. O

Here are our main results:

Theorem 5.13 (Atiyah-Bott, 1984). Let X be a compact smooth manifold
equipped with an action of T. Let v : XT < X be the inclusion of the fized
point locus. Fori* : HA(X) — HA(XT) and il : Hi(XT) — H:(X), support
of their kernels and cokernels lie in |Jy tc where K ranges for all proper
1sotropy subgroups K C T.

Proof. We stratify X by T-orbits of varying isotropy groups. By the com-
pactness of T we can construct T-invariant tubular neighborhoods of these
orbits. Take U to be the neighborhood of XT in X, and X \U by compactness
is covered by finitely many such neighborhoods of orbits.

By the Mayer-Vietoris on the finite cover of X\U by neighborhoods of
orbits, we see that H:(X\U) is torsion over what we want by Lemma p.13.
Now since U has a T-equivariantly deformation retracts onto X T, Hx(X\XT)
is torsion similarly. The same proof shows that the result holds for all T-
invariant subspaces of X\X7T, and consequently for all pairs of such sub-
spaces in X\ XT.

In particular, Hx (X, XT) = HA(X\U,9(X\U)) (by excision) is torsion.
The long exact sequence for the pair (X, XT) now shows the desired result
for the pullback i* : Hx(X) — HA(XT).

The results for pushforward it : Hi(XT) — Hi(X) is similar as using
Thom isomorphism

H: X" - HiMx

e I

Hi 4 (Nx=/x, Nxrx \XT) —— H7(X, X\XT)

Now the fact that Hz:(X\XT) is torsion with the long exact sequence for the
pair (X, X\XT) implies the desired result. O
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This show that if we invert the certain polynomials in the ring Hf that
vanish on all of ¢ for the proper isotropy subgroups K C T, the equivariant
cohomology of X becomes isomorphic to the equivariant cohomology of X!
This is of course true if we invert the whole ring. as ¢%,.7, (=) = €" (N, )N(—)
Since T act trivially on XT, we have ET xT X = BG x X which force
H;(XT) = Hr @ H*(X). Since ¢}i7, (=) = €(N,,) N (=), then e"(N,,,) will
be invertible after we invert the whole ring. Then we can get an integration
formula:

Theorem 5.14 (Atiyah-Bott Localization Formula). Let X be a compact
smooth manifold equipped with an action of T. Let v : XT < X be the
inclusion of the fized point locus and XT := 1., Fu be the decomposition of
connected components with inclusion i : Fo = X. In this case Hi(XT) =
@D, Hi(Fy). Let 7 := Frac(Hy). Then the equivariant pushforward along
t induces an isomorphism

o (X @px S HA(X) Quz H1
with inverse morphism
LoV
=y =
Yo N
«
In particular, every class ¢ € Hi(X) @z H7 wriles uniquely as
_ T Lo
V=
Proof. The fact that
T HANXT) @ A S HY(X) @z A

is an isomorphism follows from Theorem f.13. Then the ¢* to (=) =" (N,, )N

o

(—) implies the theorem. O

5.6 Some Applications of Localization Formula

First we consider a direct corollary.

Corollary 5.15. Let X be a compact smooth manifold equipped with an
action of T. Let v : XT < X be the inclusion of the fized point locus and
XT .= 1., F be the decomposition of connected components with inclusion
to : Fo = X. Let 547 := Frac(H}). Then we have an integration

/ H%(X) ®Hﬂf%—>f%€ﬂ‘
X
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Moreover, we have
LEp
’l/) — / — %" ¢ %
/X za: F. eT(NLa)

Proof. Consider the commutative diagram

for all ¢ € HF (X).

X s R,
qi /
da
pt
Then g, induce this integration. Moreover, we have

/w—qm an,*eTL at Z/F eTW S

and well done. O
Then there are some easy but interesting applications.

Proposition 5.16. Let M be a smooth oriented compact manifold with a
torus T action having finitely many fived points p1,...,ps. Then

X(M) = s.

Proof. By Gauss-Bonnet we have

X(M) = /M e(Ty) = / (T
T pz
Z eT(N Qo) _ =D l=s

1<i<s pi/M) 1<i<s

‘Well done. O

Proposition 5.17. Let T act on a complex smooth projective variety X,
then we have
X(X) = x(X7).

Proof. By Theorem 5.9(c) we know that X smooth. Now we have a T-
equivariant exact sequence

0—>Tx’f —>TX|X’JI —)NxT/X — 0.
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This implies " (Tx|xr) = e (Txr)e" (Nxr/x). Then we have

X(X) :/)fe(TX):/XeT<TX):/XTm
/XT el (Txr) Z/XT e(Txr) = y(XT).

Well done. O

5.7 To Solve Some Classical Enumerative Problems

Here we compute two classical toy enumerative problems. But before that
we need consider an example.

As the localization formula told us that we just need to consider the
integral over fixed loci. Here our example is that there are only finitely
many fixed points. So we need to calculate some equivariant Chern classes
of bundles over point, that is, the equivariant Chern classes of vector spaces.

Example 5.18. Consider a vector bundle E on Y and the frame bundle
Fr(d,E) — Y. Then Fr(d,E) x%¢ C? is just the tautological subbundle
S C *E of rank d where 7 : Grass(d, E) — Y be the Grassman bundle.

Example 5.19. For each integer a, G,, has the 1-dimensional representa-
tion C,, where G, acts on C by z - v = 2%. Consider a approzimation
with

(C™\0) xCn C, —— O(—a)

((Cm\o) XGm pt = Pm—l
Hence 5™ (C,) = ac® (Cy).

Example 5.20. Consider T := (G,,)" acting on C* =V by the standard
action scaling coordinates. For i, we have one-dimensional representations
Ci,. Then cf (V) = elesym,(ty,....,t,) where t; = c1(Cy,) and elesym, is
the elementary symmetric polynomial. Using E,, = (C™\0)" and B,, =
(Pm=1)" the class t; is identified with the Chern class of the tautological
bundle from the i-th factor of B,,.

In general case we can use characters to compute them.

Two Lines in a Plane

Example 5.21. Two lines in P? intersect at unique point.
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Proof. Consider G,, act at V := H°(P? (1)) = span{zg,z1,72} with
weight wo, w1, ws, that is, t - z; = t“"2;. We let w; # w; for ¢ # j. So
we have fixed points

(B2)8 = {po = (1:0:0),p1 = (0:1:0),py = (0:0: 1)}.

So the number we need is

2 G,
[Latewy= [ & ey - > e
Consider the universal sequence
0= =V ®O0p: — Op2(1) — 0.
Then restrict it to p; we get

0_>ij = Span(xjaxk) _>V_>V/ij =C-z;, —0.

This force T}, P? = Vi® V /Vji = span(x} @ z;, zj, ® ;) with weight w; —w;
and w; — wg. And O(1)],, has weight w;. This shows % (T,,P?) = (w; —
w;)(w; —wyg) and ¥ (0(1)],,) = w;. Hence

2
SO wh
~ eCm (T,,P?) (wo — wy)(wo —ws) (w1 — wo)(wy — ws)
2
w2
+ =1
(w2 — wo) (w2 — w1)
and well done. O

The 27 Lines on a Smooth Cubic Surface

Example 5.22. A general cubic surface S C P? contains exactly 27 lines.

Proof. Let G,, be a torus acting on P? with distinct weights (wq, w1, w2, w3),
this means, t - x; = t*ix;. By the properties of Fano scheme of lines, our
number is

/ e(Sym® S*),  where S is the tautological subbundle.
Grass(2,4)

The torus action has four fixed points py, ..., p3 € P? and six invariant lines
4 C P3 which are the lines joining the fixed points. These correspond to
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the fixed points of the Grassmannian Grass(2,4) under the lifted G,,-action.
By localization formula we have

e®m (Sym® §*) 6]
e(Sym?® §*) = gl
/Grass(2,4) ( ) ; eCm (Ty,,) Grass(2,4))

ij

Now as before we consider universal sequence
0= 8= V" ® Ograss(2,4) = @ — 0.
Restrict it to [¢;;], we get

0 — {;; =span(z;,z;) = V' = Q

e, = span(zy,, xy) — 0
for {i,7,h,k} ={0,1,2,3}. Hence we have

T[[ij] Grass(2,4) = S*|[‘€'ij] @ Q‘[ZU] = Span(‘r’i & IZan ® x;kmxi & x27xj Y l‘;:.)

Sym? S* e = Sym®(Cz; ® Cx;) = span(z?, 2215, xix?, :cj)

Hence we have

eGm(Sym3 S e B (Bw;) (2w; + wj)(w; + 2w;)(3w;) _
) -

; e®m (Tjy,,) Grass(2, 4 o<icg<s Wi~ wp)(w; — wp) (w; — wy) (wj — wy,)

Well done. O

More examples we refer Chapter 9 in [Ric22].

6 Localization of Virtual Fundamental Class

We will mainly follows the original paper [GP99] and book [Ric22]. Here our
Chow groups are all Q-coefficients.

6.1 Equivariant Sheaves and Complexes

Let X be a noetherian separated scheme over C, equipped with an action of
a complex group scheme G.

Definition 6.1. Now we have the following commutative diagram:

Gx X &2 axeGxX™Y gux 2, x

idg x O’J/ O’J/

GxX —2 > X

58



(a) A G-equivariant quasicoherent sheaf on X is a pair (¥ ,9) where F €
Qcoh(X) and ¥ : p5.F = o*.F and (m x idx)*V = (idg X 0)*0 o pis0.

(b) A morphism (F,9) — (F',9") of G-equivariant quasicoherent sheaves
is a morphism ¢ : F — F' in Qcoh(X) such that the diagram

57 20 py g

) Jo

o*F i o* F'

3

commutes in Qcoh(G x X). Let Qcoh®(X) denote the category of
G-equivariant quasicoherent sheaves.

Remark 6.2. We have
Hom e (x) ((F, ), (F',9')) = Homx (F,. 7).

~

Note also that there is an equivalence of abelian categories Qcth(X) ~
Quoh([X/G).
Now Qcoh®(X) is a C-linear Grothendieck abelian category and its de-

rived category will be denoted D(Qcoh®(X)). Every object in D(Qcoh® (X))
has a K-injective resolution and a K-flat resolution.

6.2 Brief of Equivariant Intersection Theory

We first define the equivariant Chow groups follows [EG98a]. We will see
that this definition of a suitable approximation of EG x X in the definition
of equivariant cohomology. Here all spaces and groups are quasi-separated
and of finite type over an algebraically closed field k. We will working over
algebraic spaces which is naturally appear in the quotient.

Definition 6.3 (Equivariant Chow Groups). Let G be a smooth affine alge-
braic group over k of dimension g, and let X be an n-dimensional algebraic
space over k. For each i, choose an r-dimensional G-representation V such
that there is a nonempty open subscheme U C A(V') such that

(a) G acts freely on U.

(b) The quotient U/G is a scheme (see Lemma 9 in [EG98a/).

(c) codim(A(V)\U) >n —i.
Such representations exist. The we define the i-th equivariant Chow group of
X s

CHY (X)) := CHippo(X xCU).

Note that this group is independent of the representation, see Definition-
Proposition 1 in [EG984).
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Proposition 6.4. Let f : X — Y is G-equivariant, then if f is proper,
flat, smooth, regular embedding or lci, then so is f¢ : X xC U - Y x¢ U.
Moreover, wquivariant Chow groups have the same functoriality, such as
proper push forward, flat pullback, refined Gysin pullback of reqular embed-
ding or lci maps, as ordinary Chow groups for equivariant morphisms with
the corresponding properties.

Proof. See Proposition 2 and 3 in [EG98a. O

Proposition 6.5. If a € CHSI(X), then there exists a representation V
such that
o= Z a;i[Sila,
i

where S; are m + | invariant subvarieties of X x V', where | = dim V.

Proof. See Proposition 1 in [EG984|. O
Definition 6.6. Let X be an algebraic space with a G-action, and let E be
an equivariant vector bundle (in the category of algebraic spaces) Consider

the quotient Eq := F xGU. Then Ec — Xg := X xCG U is also a vector
bundle. Now we define the equivariant Chern classes as

c]G(E) N (=) : CHY(X) — CHiG_j(X), a— cj(Eg)Na.

6.3 More on Torus Fixed Loci

Fix a torus T of dimension g act on a scheme X over C. Then T act trivially
on X T which force any T-equivariant coherent sheaf .# on X7 be decompos-

ited into
s= P A
XEX*(T)=Z9

Now let F C XT be a component and E — X be a T-equivariant vector

bundle, then
Elp= € Ery
XEX*(T)=Z9
Now for any character x € X*(T) correspond to a 1-dimensional vector
space V, with T-action. The projection U x V, — U induce a line bundle
Vy, — U/T, the weight is w, = ¢1(Vy) € CHY = CH,(U/T). Tt’s easy to see
that Ep, xTU = Ep, XV, over F xTU = F x U/T, hence

FEr) =3 <rank<iEFxZ) - k) cu(Epy)wi® € CHL(F) = CH.(Fx(U/T)).
k=0

So if w,, # 0, then after localize the CH}, the class ¢} (Ef,,) will be invertible.
(see also [Bri97])
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6.4 Equivariant Virtual Class and Localization For-
mula

In this section, we let X be a separated algebraic scheme over C with an
action by an algebraic group G.

Definition 6.7. A G-equivariant perfect obstruction theory ¢ : E* — L%

is a perfect obstruction theory which can be lifted to D(QCoh®(X)). The
G-structure on L% is induced by the G-action on X.

Let X equipped with a G-equivariant perfect obstruction theory, and
carrying a G-equivariant closed embedding X < Y where Y is a nonsingular
scheme with ideal .# (for the general case is similar and we can glue them
up). Then

Ly = [7/77 = Qy|x] € DIMO(QConY (X)).

Let the G-equivariant perfect obstruction theory ¢ : E®* — L% with global
resolution, hence we can let E®* = [E~! — E°] with locally free sheaves E'.
Then as by the construction of virtual class before the cones we need are all
G-equivariant! Hence we can get

[X}an’a € CH%;-'(X)(X),
the G-equivariant virtual fundamental class of X respect to ¢.

Now we consider the virtual localization formula. Now we set G = G, =
C*. The same formula holds for an arbitrary torus T = G,,.

Let X := X6n c X and Y™ := Y®» C Y. Hence X™ = X nYfix
Then by Theorem p.9(c), Y™ is smooth. Let Yfx = L1, Y; the decomposition
of irreducible components and let X; = X NY;.

Let .# € Coh®"(X;), then G,,-action induce a decomposition .7 =
DPrez ¥ where we are identitying the character group of G,,, with Z. Define
the fixed part is .7 := .0 and moving part is .7/™ := Drzo sk Of
course, the construction of fixed and moving part of a sheaf extends to
complexes in D(Coh®" X;).

Lemma 6.8. There is an identity
Qx |§?@ = QX1

Proof. Note that we have '
Qy & = Qy,.

Then this follows from X; = X NY;. O
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Lemma 6.9. Let E? := E*|x, on X;, define

?

SIS . §fix :
¥ BPO (L )™ 25 L™ = Ly,

Then ; is a perfect obstruction theory on X;. This is often called the
G, -fixed obstruction theory on X;.

Proof. Note that as E; fx g perfect in [—1,0], we just need to show that
HO(¢f*) and H°(6/*) are isomorphisms and H'(¢f*) and H'(5%) are sur-
jective.

By some simple diagram chase, we know that v : A®* — B*® satisfies
these two conditions if and only if A~' @ B2 - A°@ B! = BY = 0 is
exact! Hence since ¢ : E®* — L% is an obstruction theory, and because the
restriction (—)|x, is right exact, this ensures that ¢; satisfies both conditions.
Since taking invariants is exact (as G,, reductive), the same holds for ¢f*!

Now we consider 6f*. Now as Y; smooth, we have

L3, = [Ix v/ PR v, — Qvilx):

As HO(6%) : HO((L |x,)™) = (Qx|x,)™ = Qx, = H*(LY,) by Lemma [.§,
hence H(6f%) is an isomorphism.
Consider H~1(6f), it is the following diagram:

(Ix v I3 )I%, —— Q¥

ld_l ld“,g
in/Yi/f)%i/Yi B QY@'|X1'
where d~! is surjective follows from X; = X NY;. Moreover d° is an isomor-
phism since Qy [ = Qy,. This shows H~*(6f) is surjective. Well done. [
Finally we give the statement of the virtual localization formula.

Definition 6.10. The virtual normal bundle to X; is the moving part of the
derived dual: '
N o= EPYV ™ e DO (Con® (X)).

As we talk about in the small section @, eT(N;T) will be invertible since
all the characters are zero, hence we have:

Theorem 6.11 (Virtual Localization Formula, Graber-Pandharipande). Let
v X™ < X be the inclusion, then

X =0 3 vy € CHEm (0 @aig @l 1/

%

where t is the generator of CHE™ (pt) = CH*(BG,,) = Q][t].
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Remark 6.12. The Euler class of [B® — B*] is e(B°)/e(B%).

6.5 Basic Case of Virtual Localization Formula
We first prove the simple but fundamental case:

Example 6.13. Consider Y be a smooth variety of dimension d with Gy, -
action and with a vector bundle F = SpecY Sym.ZV over it of rank r.

Let s : Y — F be a G,,-invariant section (that is, s € H(Y, #)%") and
0:Y — F be the zero section, then we consider the zero locus of s as:

X=27Z(s) — Y
|
Y —— > F

Note that X = Z(s) defined by the ideal & :=Im(sY : FY — Oy). Now the
perfect obstruction theory is ¢ : E* — L%

E*: g‘\/‘x Ed Qy|X
lsle lid
L2t I)5% 5 Qy|x

which is naturally G,,-equivariant. In this case the G,,-equivariant virtual
fundamental class of X is

K]y o= 0/([¥]) = 0" (Cxyy) € CHE™ (X).

Again we have j; : Y; < Y be the components of fized locus Y™ and
ti: X; =Y;NX — X. Hence Fly, = F|§i};@F|§"}i°". Let s; := sy, be the
section of Fly, which is also Gp,-invariant, this become a section §; of F|§9"

We have defined the perfect obstruction theory on X; as

. . .

E7 FYNG ——— W [R = ilx,
lwz‘ lsvb( J{id
>—1, 2 dx

Lk, IxvilIx, v, —— Qvilx,

where E? := E*

X; -

Now we begin the prove the virtual localization formula in this basic
situation.
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Lemma 6.14. In the situation as above.

(a) We have 0.[Y;] = (0F)'[Y;] Ne(F™Y) € CHE™ (X;) where 0; and 05 be

the zero sections of Fly, and F|f";, respectively.

(b) The K-theory virtual normal normal bundle to X; has the following
exPression:

[N] = & (Vv v] = [Z]) € Ko (X)),
Proof. For (a), we have the cartesians

X —— Y,

-
ofix

Y, —— FI¥

-
v
0;
Y

)

Hence by excess intersection formula we have
0;[Yi] = (0F)'[Yi] Ne(F™) € CHI™ (X5).

For (b), we have

[N = [B7] - [

= [Tv|x,] = [ZIx,] — [Tv.|x] + [ZI¥]
= ([Ty] - [Tv]) (7%
=&/ ([Ny,)v] - [«%m"v]) € K5 (X;).

Well done. O
Proof of Theorem for basic case. Now by Lemma [.14(b) we have

G
G vir * € m(NYi/Y)
e’ (N™) = ¢ (e(gzmov)>

3

By the Chow-version of Atiyah-Bott theorem ([EG98b]) we have

ij, NY /Y) € CHZ™ (V) ®@qpy Qlt, 1/1].
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So we by Lemma [p.14(a) and these things we have
o [Yi]

X vu,Gm o 0 <]1 . )

X Z " (Ny, v)

e g M @)
o Z “*OleGm( v zz: “* oGm (Nvu) (Fmev)

_]Vir

(0)'[v4] (Xl G
= ke = ix———— € CH™(X t,1/t].
3t Gty = St iy © CHE () e Q1 1/
Well done. O

6.6 General Case of Virtual Localization Formula

Consider the general case where X — Y be an embedding for smooth Y.
Now pick a G,,-equivariant obstruction theory ¢ : E* — LS with global
resolution. For simplicity we assume this is actually a morphism of complexes
(this always right if X has enough locally free sheaves).

As in the proof of Proposition (b), we have the following commutative
diagram with exact rows of cones

0— LY’ = f*Ty ————— EVOxx Cx)y Dt 0

I £ J

0 s LY = Ty s BV sy Oy [ ) — C(Q) — 0

with two embeddings of the right square. By Proposition we have
Cx = [Cx)v/f*Ty] = [DY"/EY°] which force

Dvir - C(Q) - Efl,v
Cx = [DF/EVO) —— [C(Ix v /I3 y)/ FTy] 2 [CQ)/EV] —— [E7HY/EYY]

Hence [X]}" = 0% 1, [D"].
Here is another description, by Proposition {.1(] we have cartesians

[*Ty —— E%Y xx Cx)y

I |
X « Dvir

b

X e B
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Then we have
(XT3 = 0oy 9010 [D] = 0, Ofp v [ D]
= O;’*TYO!E—I,\/ [EO,\/ X x CX/Y]

Now we have X™ = X N Y™ and Y™ = [[,Y; the decomposition of
irreducible components and let X; = X NY;. Here we need some notations
for convenience:

Xi ==Y
/ Li\[ ji\[ \
Xfix L X ! Y J Yfix

Now we have the perfect obstruction theory

A . sfix )
bi BP™ S (Lelx)™ S Ly = L,

of X; where E? := E*|x, as before. Since we consider all G,-fixed cones, the
constructions as above is right for our case, that is, we have exact sequence
of cones _ _
0 — Ty, = Cx, v, xx, (B)V)™ = D" — 0
. . i —1,V\fix . ; | vir

with embedding D} < (E; ") with [(Xaly = O'(E;I’V)ﬁx [Dy"].
Remark 6.15. Since X; is possibly disconnected, it should be noted that
the ranks of the bundles (E?’v)ﬁx and (E; V)™ may vary on the connected
components. The Euler classes of these bundles on X; are taken with respect
to their ranks on each component.

Now apply the localization formula to Y, we get

Y] = j. Z &WL[(YTZ;W) € CHY™ (V) ®qpy Qlt, 1/1].

vir

Hence by refined intersection with [X]3", we have

- X vir | Y’Z
[men =1, Z m S CHS"’L (X) Q) Q[tv ]-/t]

So to show Theorem , we just need to show that

X ] X 0 S (B )

a € CHS™ (X)) ® t,1/t).
O (foTP) G (ED Y ymov) (%) ®ap Qlt, 1/1]
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Lemma 6.16. In this case, we have the following:
(a) Write D = Cx )y xx E% and D; = Cx, /v, XX, (E?’v)ﬁx, then we have
4i[D] = [Di xx (B")™] € CH™ (j; D).

(b) Let By and By are Gy, -equivariant bundles on X; with equivariant
inclusions:

7 < B
o]
By — X;
Then for any ¢ € CHS™(Z), we have
0%d0.+(C) N e®™ (Br) = 0%, j1,+(¢) N €¥ (Bo) € CH{™ (X;).
Proof. For (a), by G,,-equivariant Vistoli’s rational equivalence (Corollary

1.59) we have ji[Cxy] = [Cx,v:] € CH‘S””(L;FCX/Y). Then via this condi-
tion we can get

D] = [Di xx (E]™)™] € CHZ" (j; D).

For (b), consider the family of inclusions j; : Z < By xx By as j; =
(1 —t)jo + tj1. This shows

0By x x B,J0,%(C) = 0, « . B, J1,%(C)-
Hence the results follows from Proposition R.4(d). O
Proof of Theorem . As we have told, we just need to show that
vir - Jvir Gm —1,Vymov
First, by Lemma [.1(a) we have
[X];Z“ Y] = jéo?*TyO!E—l:V D] = Ot;‘f*TyO;—;i—lez!'[D]

= 072 poy Ol [Di i (B)Y)™] € CHE™ (X))

Easy to see that we have cartesians
Ty Jj¥D
I |
(G Ty) /(e Ty,) = (i [ Ty)™ —— (3 D)/(ei Tv,)

L e !

E

X’ i E_—l,\/

2
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Hence

* ! 0,V \mov vir 0,V\mov
Obff*TYO'E;LV[Di X x (E,L V) ° ] = O( * fx TY)mOVOE 1 \/[D (E‘z \/) ° ]

Now the scheme-theoretic intersection O;le (DY* x x (EXY)mov) @ (uF f*Ty )™

and the morphism D} xy (E)Y)™V — E; " is the product of D" C
(Ei—l,\/)fix and (E?,\/)mov - (Ei—l;\/)mov. Hence OE N v(-D;*ir X x (E?N)mov)

also lies in (E;"¥)™. Hence we have

- vir 0,V ymov 0,V ymov
OEll,v(Dz’ Xx (B)m) —— (B")

I |

commutes! By Lemma [.16(b) to OE,1 DY x x (EYY)™Y] we have

(E?,\/)mov] . eGm(([’:f*TY)mov)

[X]Zblr : D/Z] = O eGm((Egv\/)mov)

(EO \/)movOE*1 v [DVH )
where O;;fl,v (DY x x (EYY)mV] considered in CHE™ ((EYY)mev).

As this class does not depend on the bundle map (E"")™ — (E; 1Y )mov,
we may assume it is trivial (namely, we use the trivial map to compute it)!
Then by the following cartesian

(ng\/)mov . D;’ir % (EZQyV)mov
Xi N (E’L_—la\/)ﬂx % (Ei—ly\/)mov

we have 0' Boiv (DY x x (EYV)mv] = [X; I X x o' EYYymov) More-

over as map is trivial we also have the following cartesian

(B 1 V)mov((

0, v 0, v
(BOYymor (B2
Xi ———— X,

r

! !

X s (B
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Hence by excess intersection theorem, Proposition R.4(d), we have

vir 0,V ymov vir m —1,Vymov
0f g0y O 1. [DF i ()™ = (X 0 e (7)),

This give us

[X]vir Vi) O(Eo V)movoE Y [Dwr X x (E?,V)mov] . eGm((L;ﬂf*Ty)mov)

¢
o ([ TP S (fTp) S (B ymov)
1 e (5
T @)
This is what we want. Well done. O

6.7 Localization Formula for DM-stacks

Here we follows the Appendix C in [GP99]. We consider DM-stacks of finite
type over C. Note that the equivariant intersection theory is similar as we
have told in the case of schemes. That is, we have CHY (X) := CHippog(X x€¢
U) for a DM-stack X and since the action is free, the space X x& U is also
a DM-stack.

Here we consider the G,,-equivariant embedding X — Y to a smooth
DM-stack Y.

Lemma 6.17. If U is a Deligne-Mumford stack on which G, acts with-
out fixed points, then the equivariant Chow groups CHS’m (U) vanish after
localization.

Proof. As G, acts without fixed points, [U/G,,] is also a DM-stack. Easy
to prove that CHE™ (U) 2 CH, ([U/Gy]). As we consider the Q-coefficients
Chow groups, by Remark we know that CH®™ (U) has only finite may
graded components! So CHY™ (U), = CH®"(U) ®qpy Q[t, 1/t] is trivial. O

Now consider the fixed locus which is a closed stack ¢ : Y C Y (is defined
as the stack theoretic zero locus of the canonical vector field determined in
Ty by the flow). Note that in the category of stacks, this can not imply that
Gy, action on Y™ is trivial. This is true after a finite cover G,, — Gyy.

Lemma 6.18. In this case Y™ is also smooth.

Sketch. Let g be a G,,-fixed geometric point. The stack analogue of the local
ring is the strict Henselization ﬁ;h of the local ring of § determined in an
étale neighborhood. G,,, (more precisely a finite cover of original G,,) acts
equivariantly on all quotients of ﬁgh / mg where my is the maximal ideal. The
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ideal Jy C ﬁ;h of the G,,-fixed scheme at § may be analyzed via the G,,-
actions on these quotients. In fact, Thomason in [Tho92] p.456 has proven
in this case Jy is generated via a regular sequence in regular local ring ﬁgh.
It follows that the G,,-fixed stack YfX is nonsingular. O

Proposition 6.19. The map (& : CH®™ (Y™) — CH®™(Y) is an isomor-
phism after localization.

Proof. Now let U := Y\ Y™™ which has no fixed points. By Lemma and
the exact sequence
) Gm
CHE™ (Y™) "= CHE™ (V) — CHE™ (U) — 0
we know that (™ is surjective after localization.

Conversely we will show that (5™ is injective after localization. Let Yix =
IL,Y; as connected components. As they are smooth, we have pullback
o CHE™ (V) — CHE (Y™). Let o = Yo € CHE (Y™), pushes forward
to zero, then

0=0"Cma = Ze(NNi)ai
i
where N; = Ny, ;y. Hence e(Ny; )a; = 0 for all i. Now e(Ny;,) is invertible as
in section @, this force a; = 0 and hence (5™ is injective after localization.

‘Well done. O

If X C Y is a G,,-equivariant embedding, the fixed substack X may
be defined by X = X nYfix. It follows from this definition that

6
QX ‘)I?ﬁx = QXﬁx.

It is not difficult to show the substack structure X is independent of the
choice of nonsingular equivariant embedding. The constructions and argu-
ments for the virtual localization formula for equivariant perfect obstruction
theories on X now go through unchanged. Well done.

6.8 First Example: Gromov-Witten Invariants

Here we will follows [CK99], [Beh97] and section 4 in [GP99]. We will work
over C. We will ignore the definitions of stable maps which is classical, we
refer 7.1 in [CK99|.

For a projective variety X, we will consider the moduli stack of stable
maps . 4.,(X,3) of genus g, marked n points and class 8 € Ha(X,Z).

Indeed, 44, (X,3) maps S to the groupoid of the collections (C' —
S, f:C — X;s1,...,8,) where C — S is proper flat and for any geometric
points s, fs : Cs — X together with the images of s; defines a stable map
such that the arithmetic genus of C are g and (f5).[Cs] = S.
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Theorem 6.20. In this case, the stack zg,n(X7 B) is a proper Deligne-
Mumford stack with coarse moduli space M 4., (X, ) which is a projective
scheme. Moreover, the stack # . (P",B) is smooth.

Proof. The proof can be found in [BM96]. O

Now we assume X is smooth with G,,-action. Choose a G,,-equivariant
polarization £ on it which induce a G,-equivariant embedding X C P".
Now A 4.,,(X, 3) will be a G,-equivariant closed substack of .# 4 (P, ).

Proposition 6.21. In this case M 4., (P", ) will have an G,-equivariant
closed embedding into a smooth DM-stack. Hence so is M 4,(X, ).

Proof. We recall the constructions and properties of ]gm(]P”’, B): Note that
Mg n(PT,B) = [J/PGLy] for some locally closed subscheme J of some
Hilbert scheme, with following properties

(a) In this case there is a G, x PGLy-action on J which give us a G,,-
action on . 4, (P", B) = [J/PGLx].

(b) There is a G, x PGL y-equivariant embedding J < G for some smooth
Grassmannian G since it is a subscheme of Hilbert scheme.

Now the PGLy-equivariant open set U C G on which the PGLy-action has
finite stabilizers contains J and is G,-equivariant. Note that A = J\J is
closed in G and is G,, x PGLy -equivariant. After discarding ANU, it may
be assumed that J is closed in U. Let Y be the nonsingular quasi-separated
(need not be separated) Deligne-Mumford stack [U/PGLy] and we have an
Gp-equivariant closed embedding .# , ,, (P, 8) < [U/PGLy]. O

Now we will define the G,,-equivariant perfect obstruction theory and
hence a G,,-equivariant virtual class of /4, (X, 3).

Note that we consider the moduli stack of prestable curves .Z[7, it is a
smooth quasi-separated algebraic stack over C with separated diagonal and

dimension 3g — 3 + n. We have the forgetful morphism of stacks:
F:tly,(X,B)— MY

by forget the maps to X.
Now consider the universal curve %y — )7 and

P e — o
X UP X gy, Mg (X, B) —"= M y0(X, )

o Jr

pre pre
U, M o
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Hence we have

* ] ~ *T @
Lf L% —>]L%pmxﬁm o (X.5) — L, 2 7*L%

by the flatness of 7. Now we have
(Rm.Lf*'T%)Y = Rr,RAZom(Lf*T%, 7' 0) = R, (Lf*L% @ w?)
— R, (m*L% @Y w?) 2 L} o Rr,w? = LS.
Let G* := (Rm.Lf*T%)Y = (Rm.f*T%)Y (as X is smooth) and then this
morphism induce a relative perfect obstruction theory ¢p : G* — L% of

M gn(X,B) over A% (for the proof we refer Proposition 6.3 in [BF97)).
Note that the constructions about are G,,-equivariant.

Lemma 6.22. In this case, the compler G* = (Rm.f*T%)" has Gy,-
equivariant global resolution.

Proof. This is easy and we refer Propisition 5 in [Beh97]. O
Recall that by Remark @ we have exact triangle of cotangent complexes:

LF*L* v, %Hﬁgn(xﬁ)—HL — LF*L* lm[]

Since ./, is smooth we have a global resolution LF*L®/ . = [AY — Al

Let G* = (Rm, f*Ty)" = [G~! — GY, then we have the morphism of
distinguished triangles in D¢ (.7, (X, 3)):

G A[1] E*[1) Gl

lwp l | {ot lem

LS *>LF]LJ/[W 1] —— L qn(Xﬁ)[]—HL 1]

where E® := [G™! — G @ A° — A']. By taking long exact sequence of
this diagram and use 5-lemma and 4-lemma several times, we know that
H~1(¢) is surjective, H%(¢) is an isomorphism and H'(¢) : H'(E®) —

Hl(]L] ) = 0 is an isomorphism which force H'(E®) = 0. Hence as
g9.n(X,8)

G @ A° — Al surjective, we can take the truncation to get a global resolution
of E* of two vector bundles, hence we can define the G,,-equivariant virtual
class

[%g ”(X B)]vu € CH(S\T(//ZQ (X, ﬁ))(].%n(Xy B))

where the virtual dimension is

A" (M gn(X,B)) = x(C, f*Tx) +3g —3+n

:/Bcl(TX)—k(dimX—S)(l—g)—kn.
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Definition 6.23. In this case, for ay,...,a, € H*(X,Q) the Gromov-Witten
invariant is

Igfn,ﬁ(alv"'van) _\/[ 6?(&1)U~-~Ue;(an)

Ty (X B

where e; : M 4,(X,B) = X be the evaluation map sending (f,p1,...,pn) —
f(pi)-
Example 6.24. Next we give some basic idea how to find the

g.n,d -

I (Hfl,...,H’v’n):/ ef(HOYU---Uel (H™).
[ g (P Q)]

The details we refer Section 4 in |GP9Y/.

First we consider a T = (G,,)" " as full-diagonal torus act on P, then
we can describe M y,(P",d)" as follows:

Let f : C — P" be a T-fizred stable map. The image of C is a T-
imwvariant curve in P”, and the images of all marked points, nodes, contracted
components, and ramification points are T-fized points. The T-fized points
on P" are pg, ..., pr, and the only invariant curves are the lines joining the
points p;. It follows that each mon-contracted component of C' must map
onto one of these lines, and be ramified only over the two fixed points!

To an invariant stable map f, we associate a marked graph I' as follows.
I' has one edge for each non-contracted component. The edge e is marked
with the degree d. of the map from that component to its image line. T’
has one vertex for each connected component of f~*({po, ..., pr}). Define the
labeling map i : vertices(I') — {0, ...,r} by f(v) = pi(v). The vertices have an
additional labeling g(v) by the arithmetic genus of the associated component
(Note the component may be a single point, in which case its genus is 0).

Now we define Mt = H'L)Evertices(f‘) %g(v),val(v) where val(v) be the num-
ber of marked points and curves passing the objects correspond to v. Note
that we let Moy = Moo = {pt}. Then we have a canonical morphism
v My — Myn(PT,d). Define a semidirect product 1 — [eagesry Z/de —
A — Aut(T') — 1 and one can show that this induce a closed embedding
VA Mr|A — My, (P, d) and they shows that

%QW(PTv d)T = ]F/A - %9771 (Pr’ d)

Now pick a generic action G, C'T on P" with generic weights —Xo, ..., —Ar,
in this case M 40, (P",d)T = M 4, (P",d)Cm. o

Taking the POT as defined above and restrict it into M /A, using virtual
localization and a long arguments, we can show that

an
1 i) iy

|Ar| JZ.  e(N{Y)

I (HY L ) =S
I
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where

1
™ =1 (BYY) - Ny — A )9
e(NFr) H H CNiy—A5) (EY) - ( (v) ])

vevertices(T") j#i(v)

e e 1
N2(\. — \.)2de ay. 4 by oy
cCotuen(T) (de)2(Ni = Aj) i I Ai + T Aj — Ak

Well done.

7 Further Useful Results

Here we give some glipmes about several important results.

7.1 Virtual Pullbacks

7.2 Torus Localization

Note that in [GP99Y] we assume the following assumptions:
(a) The scheme X admits a T-equivariant closed immersion into a smooth
scheme.
(b) The virtual tangent bundle of X admits a global resolution by T-

equivariant vector bundles.

In [HC17], they remove the condition (a) and relaxed the second assumption
(b) to the existence of a global resolution for the virtual normal bundle. See
more general results about Derived Artin stacks, we refer [AKLT22| and
[AKL™24a| splitted from original [AKL™24h].

7.3 Cosection Localization

References

[AB84] M. Atiyah and R. Bott. The moment map and equivariant
cohomology. Topology, 23:1-28, 1984.

[AGVT73] M. Artin, A. Grothendieck, and J. Verdier. Théorie des Topos
et Cohomologie Etale des Schémas (SGA4). Springer, 1973.

[AKL*™22] Dhyan Aranha, Adeel Khan, Alexei Latyntsev, Hyeonjun Park,
and Charanya Ravi. Localization theorems for algebraic stacks.
arziv: 2207.01652v1, 2022.

74


https://arxiv.org/abs/2207.01652v1

[AKL*24a]

[AKL*24b)

[Alp24]
[Beh97]
[BF97]
[BM96]
[Brio7]
[CK99)]

[DM69)]

[EG983a]

[EGOSD]

[EH16|

[Fulog]
[GP99]

[Har77]

Dhyan Aranha, Adeel Khan, Alexei Latyntsev, Hyeonjun Park,
and Charanya Ravi. The stacky concentration theorem. arziv.
2407.08747, 2024.

Dhyan Aranha, Adeel Khan, Alexei Latyntsev, Hyeonjun Park,
and Charanya Ravi. Virtual localization revisited. arziv.
2207.01652v%, 2024.

Jarod Alper. Stacks and Moduli (working draft). https://
sites.math.washington.edu/~jarod/moduli.pdf, 2024.

K. Behrend. Gromov-witten invariants in algebraic geometry.
Invent. Math., 127:601-617, 1997.

K. Behrend and B. Fantechi. The intrinsic normal cone. Invent.
Math., 128:45-88, 1997.

K. Behrend and Yu Manin. Stacks of stable maps and gromov-
witten invariants. Duke Math. J., 85:1-60, 1996.

M. Brion. Equivariant chow groups for torus actions. Transfor-
mation Groups, 2:225-267, 1997.

David Cox and Sheldon Katz. Mirror Symmetry and Algebraic
Geometry. American Mathematical Society, 1999.

Pierre Deligne and David Mumford. The irreducibility of the
moduli space of curves of given genus. Publ. Math. .H.E.S.,
36:75-110, 1969.

Dan Edidin and William Graham. Equivariant intersection the-
ory. Invent. math., 131:595-634, 1998.

Dan Edidin and William Graham. Localization in equivari-
ant intersection theory and the bott residue formula. Amer.
J. Math., 120:619-636, 1998.

David Eisenbud and Joe Harris. 3264 and All That: A Second
Course in Algebraic Geometry. Cambridge University Press,
2016.

William Fulton. Intersection Theory. Springer New York, 1998.

T. Graber and R. Pandharipande. Localization of virtual classes.
Invent. Math., 135:487-518, 1999.

Robin Hartshorne. Algebraic geometry. Springer-Verlag, New
York-Heidelberg, 1977.

75


https://arxiv.org/abs/2407.08747
https://arxiv.org/abs/2407.08747
https://arxiv.org/abs/2207.01652v2
https://arxiv.org/abs/2207.01652v2
https://sites.math.washington.edu/~jarod/moduli.pdf
https://sites.math.washington.edu/~jarod/moduli.pdf

[HC17]

[Kre99|

[Li18]

[LMBO0O]

[Man12]

[Ric22]

[Tho92]

[Tod21]

[Vis89]

J. Li H. Chang, Y. Kiem. Torus localization and wall crossing
for cosection localized virtual cycles. Adv. Math., 308:964-986,
2017.

Andrew Kresch. Cycle groups for artin stacks. Invent. Math.,
138:495-536, 1999.

Kezheng Li. Group Schemes and Their Actions (in Chinese).
Tsinghua University Press, 2018.

G. Laumon and L. Moret-Bailly. Champs algébriques. Springer-
Verlag, Berlin, 2000.

Cristina Manolache. Virtual pull-backs. J. Algebraic Geom.,
21:201-245, 2012.

Andrea Ricolfi. An Invitation to Modern Enumerative Geome-
try. Springer Cham, 2022.

R. Thomason. Une formule de lefschetz en k-théorie équivari-
ante algébrique. Duke Math. J., 68:447-462, 1992.

Yukinobu Toda. Recent Progress on the Donaldson-Thomas
Theory. Springer Singapore, 2021.

Angelo Vistoli. Intersection theory on algebraic stacks and on
their moduli spaces. Invent. Math., 97:613-670, 1989.

76



	Introduction
	Review of Basic Intersection Theory
	Basic Facts of Refined Gysin Pullback
	Localized Chern Class

	A Brief of Cotangent Complexes
	Fundations of Virtual Fundamental Class
	About Cones
	Cone Stack
	A Picard Stack of Special Type
	About Normal Cones
	Intrinsic Normal Cone
	About Obstruction Theories
	Vistoli's Rational Equivalence
	Virtual Fundamental Classes
	Examples

	About Atiyah-Bott Localization Formula
	Approximation Spaces
	Equivariant Pullback and Chern Classes
	Equivariant Pushforward
	Torus Fixed Loci
	The Localization Formula
	Some Applications of Localization Formula
	To Solve Some Classical Enumerative Problems

	Localization of Virtual Fundamental Class
	Equivariant Sheaves and Complexes
	Brief of Equivariant Intersection Theory
	More on Torus Fixed Loci
	Equivariant Virtual Class and Localization Formula
	Basic Case of Virtual Localization Formula
	General Case of Virtual Localization Formula
	Localization Formula for DM-stacks
	First Example: Gromov-Witten Invariants

	Further Useful Results
	Virtual Pullbacks
	Torus Localization
	Cosection Localization

	References

